ERGODICITY OF UNIPOTENT FLOWS AND KLEINIAN 

GROUPS 
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Abstract. Let M he a. non-elementary convex cocompact hyperbolic 
r-{ , 3 manifold and 5 the critical exponent of its fundamental group. We 

prove that a one-dimensional unipotent flow for the frame bundle of M 
is ergodic for the Burger- Roblin measure if and only if 5 > 1. 
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1. Introduction 

In this paper we study dynamical properties of one-parameter unipotent 
flow for the frame bundle of a convex cocompact hyperbolic 3 manifold M. 
When the critical exponent of the fundamental group 7ri(A^) exceeds one, we 
show that this flow is conservative and ergodic for the Burger-Roblin mea- 
sure mP^: almost all points enter to a given Borel subset of positive measure 
for an unbounded amount of time. Such a manifold admits a unique positive 
square-integrable eigenfunction (pQ of the Laplacian with base eigenvalue. 
Our result implies that a randomly chosen unipotent orbit, normalized by 
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the time average of the eigenfunction (po, becomes equidistributed with re- 
spect to the Burger-Robhn measure. 

To state our result more precisely, let G = PSL2(C), the group of orien- 
tation preserving isometries of the hyperbolic space M^. Let F be a non- 
elementary discrete subgroup of G which is convex cocompact, that is, the 
convex hull of the limit set of F is compact modulo T. Equivalently, r\EI^ 
admits a finite sided fundamental domain with no cusps. Convex cocom- 
pact groups arise in topology as fundamental groups of compact hyperbolic 
3-manifolds with boundary. 

The frame bundle of the manifold Ai = r\IH^, which is a circle bundle 
over the unit tangent bundle T^(A^), is identified with the homogeneous 
space X = T\G. We consider the unipotent flow on X given by the right 
translations of the one-parameter unipotent subgroup 



We are interested in the question when this flow is ergodic with respect to 
a natural invariant measure which will be introduced later orQ. Since any 
one-parameter unipotent subgroup of G is conjugate to U, we are not losing 
any generalities by considering this U. 

The answer to this question turns out to be dependent on the size of the 
critical exponent, 5, of F, which is equal to the Hausdorff dimension of the 
limit set of T [33]. When S = 2, X is compact ([36],[33]) and the classical 
Moore's theorem in 1966 {23] implies that this flow is ergodic with respect 
to the volume measure, i.e., the G-invariant measure. When J < 2, it can 
be shown that the volume measure is not ergodic any more. This raises a 
natural question of finding a substitute of a volume measure which is ergodic. 
Our main result in this paper is that when 6 > 1, the Burger- Roblin measure 
is conservative and ergodic, and is never ergodic otherwise. 

The conservativity means that for any subset S of positive measure, the 
[/-orbits of almost all points in S spend an infinite amount of time in S. Any 
finite invariant measure is conservative by Poincare recurrence theorem. For 
a general locally finite invariant measure, the Hopf decomposition theorem 
[T5j says that any ergodic measure is either conservative or totally dissipative 
(i.e., for any Borel subset S, xut ^ S for all large |t| » 1 and a.e. x G S). 
For 6 < 2, there are many isometric embeddings of the real line in X, by 
1 1— )• xut, giving rise to a family of dissipative ergodic measures for U. 

We refer to the Burger- Roblin measure as the BR measure for short, and 
give its description using the Iwasawa decomposition G = KAN: K = 
PSU2, A = {as : s N = {n-, : z £ C} where 






that is: any invariant Borel subset is either null or co-null. 
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Furthermore let M denote the centraUzer of A in K. 

The groups A and N play important roles in dynamics as the right trans- 
lation by Qs on X is the frame flow, which is the extension of the geodesic 
flow on T^(A^) and A/^-orbits give rise to unstable horospherical foliation on 
X for the frame flow. 

Fixing o € H'^ stabilized by K, we denote by Uq the Patterson-Sullivan 
measure on the boundary 3(11^) associated to o ([26], [34]), and refer to 
it as the PS measure. The PS measure coincides with the ^-dimensional 
Hausdorff measure of the limit set of F. Using the transitive action of K on 
9(BI^) = K/M, we may lift Uq to an Af-invariant measure on K. 

Burger-Roblin measure Define the measure mP^ on G as follows: for 

fh^^iil;) = / ilj{kasn^)e-^''duo{k)ds dz 
Jg 

where ds and dz are some fixed Lebesgue measures on M and C respectively. 
It is left F-invariant and right A^- invariant. The BR measure mP^ is a locally 
finite measure on X induced by fhP^. It is an infinite measure except when 
6 = 2, see [23] for a more general statement. 

For F Zariski dense, Flaminio and Spatzier [TO] showed that the BR mea- 
sure is ergodic for the action of the full horospherical subgroup N. Roblin 
|31j . extending the work of Burger [6], proved that the BR measure is the 
unique A^-invariant ergodic measure on X which is not supported on a closed 
A^-orbit, it is worth mentioning that Roblin work is much more general than 
the setting in hand. 

The main result of this paper is 

Theorem 1.1. Let T be a convex cocompact subgroup which is not virtually 
abelian. The unipotent flow on X given by U = {ut} is ergodic with respect 
to the BR measure if and only if 5 > 1. 

To the best of our knowledge, this is the first and only known example 
of a non-trivial U -ergodic measure on the frame bundle of Ai when Ai is of 
infinite volume. 

The proof of the ergodicity in the case 5 > 1 is substantially more com- 
plicated and much of the paper is devoted to that proof. We remark that 
we show the conservativity of the BR-measure for 6 > 1 without knowing 
its ergodicity a priori. Indeed we establish the non-ergodicity in the case 
< (5 < 1 by proving the failure of "sufficient" recurrence; see Section [9l 

For a probability measure /i on X, the Birkhoff pointwise ergodic theorem 
(1931) says that the ergodicity of a measure preserving flow {ut} implies that 
the time average of a typical orbit converges to the space average: for any 
■0 G L^{X) and a.e. x G X, as T — )• oo, 

(2) ^ I '4>{xut)dt — > [ ip d^i. 

J- Jo Jx 
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A generalization of the Birkhoff theorem for an infinite locahy finite con- 
servative ergodic measure was obtained by E. Hopf [12j in 1937 and says 
that the ratio of time averages of a typical orbit for two functions converge 
to the ratio of the space averages: for any 11^1,1^2 £ with tp2 > with 

f-^ d/i > 0, as T — )• 00, 

(3) I^Mxu,)dt ^ J^p,dj. a.e.xeX. 

For our X = T\G with F convex cocompact and 6 > 1, there is a unique 
positive eigenfunction (pQ £ L^{Ai) for the Laplacian with the smallest eigen- 
value S{2 — 5) and with ||(/>o||2 = 1, [S]- In the upper half-space coordinates, 
= {z + jy : z e C,y > 0} with d{M.^) = C U {00}, the lift 4>o of (/)o to 
is realized explicitly as the integral of a Poisson kernel against the PS 
measure Uq (with o = j): 

The BR measure on X projects down to the absolutely continuous mea- 
sure on the manifold M and its Radon-Nikodym derivative with respect to 
the hyperbolic volume measure is given by ^o- In particular, if p : X — t- 
is the base point projection, we have 0o o p dm^^ = Iji^olli — I- 

We deduce the following from Theorem 1 1 . 1 1 and Hopf's ratio theorem ([3]): 

Corollary 1.2. Let 5 > I. 

(1) For mP^ almost all x G X, the projection of xU to Ai is dense. 

(2) For any ip G L^{X, m^^) and for almost all x € X , 

hm 4>(^ = / ^ d^BR. 
"^^^ Jo Mxut)dt 



X 



We explain the proof of Theorem 11.11 in the case (5 > 1 , in comparison 
with the finite measure case. This account makes our introduction a bit 
too lengthy but we hope that this will give a summary of the main ideas 
of the proof which will be helpful to the readers. The proof of Moore's 
ergodicity theorem is based on the following equivalence for a finite invariant 
measure ^: // is ergodic if and only if any [/-invariant function of L^(X, /i) 
is constant a.e. Through this interpretation, his ergodicity theorem follows 
from a theorem in the unitary representation theory that any [/-invariant 
vector in the Hilbert space L'^{X, fic) is G- invariant for the volume measure 

For an infinite invariant measure, its ergodicity cannot be understood 
merely via L^-functions, but we must investigate all invariant bounded mea- 
surable functions. This means that we cannot depend on a convenient the- 
orem on the dual space of X, but rather have to work with the geometric 
properties of flows in the space X directly. We remark that as we are working 
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with a unipotent flow as opposed to a hyperbolic flow, the Hopf argument 
using the stable and unstable foliations of flows, which is a standard tool in 
studying the ergodicity for hyperbolic flows, is irrelevant here. 

We use the polynomial divergence property of unipotent flows to estab- 
lish that almost all CZ-ergodic components of mP^ are invariant under the 
full horospherical subgroup N. The A^-ergodicity of the BR measure then 
implies the [/-ergodicity as well. This approach has been noted by Margulis 
as an alternative approach to show the ergodicity of the volume measure fic 
in the finite volume case. 

However, carrying out this argument in an infinite measure case is subtler. 
Indeed the heart of the argument, as is explained below, lies in the study of 
two nearby orbits in the "intermediate range" . To the best of our knowledge, 
such questions in infinite measure spaces has not been understood before. 

Let us present a sketch of the argument in the probability measure case. 
Let {X, ^) be a probability measure space. Then it is straightforward from 
([2|) that for any generic point rc, any < r < 1, and any ip G Cc{X) 



Statements of this nature will be called a "window theorem" in the sequel. 

We now explain how a suitable window theorem can be used in acquiring 
an additional invariance by an element of N — U. This idea was used by 
Ratner; see pU [30] and the references therein. We also refer to [I8l [19] 
where similar ideas, in the topological setting, were used by Margulis. 

Let N~ and U~ denote the transpose of and U respectively. Choose a 
sequence of generic points Xk and = XkQk inside a suitably chosen compact 
subset of X, moreover suppose gk 4- ^dU) and — t- e, where Ng{U) means 

the normalizer of U in G. Put ~ (o ^l) ' ^ ^ ^^'^ assume that 

the y^-component and the [/"-component of are "comparable". 

Flowing by ut, we compare the orbits x^ut and ykUt = Xj^utiu^^ gkUt)- The 
divergence properties of unipotent flows (a simple computation in our case), 
in view of our above assumption on g^s, says that the divergence of the 
two orbits is comparable to u~[^gkUt. Furthermore, the (2, l)-matrix entry of 
Ui^gkUt dominates other matrix entries. Let p{t) denote the (2, l)-matrix 
entry of u~[ guut - This is a polynomial of degree two whose leading coefficient 
has comparable real and imaginary parts. Therefore, the divergence of the 
two orbits is "essentially" in the direction of N — U. Choose a sequence 
of times so that p{Ti.) converges to a non-trivial element v G N — U . 
Letting e > be small, since p{t) is a polynomial, UkUt remains within an 
0(e)-neighborhood of xi^-utv for any t G [(1 — e)rfc,rfc]. Hence the window 
theorem ^ applied to the sequence of windows [(1 — e)Tfc,Tfc] implies that 
/i(V') — ^J'{v■'^P) = 0{e) and hence //(V") = mI^-V") as e > is arbitrary. 



'these components are well defined for all gt close enough to e. 
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Repeating this process for a sequence of Vn — )• e, we obtain that the measure 
^ is invariant under A^. 

We now turn our attention to an infinite measure case, assuming 5 > 1. 
There is a subtle difference for the average over the one-sided interval [0, T] 
and over the two sided [— T, T], and the average over [— T, T] is supposed 
to behave more typically in infinite ergodic theory. We first prove that the 
BR measure mP'^ is [/-conservative based on a theorem of Marstrand [20], 
which allows us to write an ergodic decomposition mP'^ = J fi^ where fix 
is conservative for a.e. x. Letting x be a generic point for Hopf's ratio 

theorem and It = [— T, Tl, in order to deduce ^'t-'tt ^ | — ^ ^ ^^^7t4, it 

is sufficient to prove that there is some c > such that for all T ^ 1, 



(5) / 'ip2{xut)dt > c ip2{xut)dt. 

This type of inequality requires strong control on the recurrence of the 
flow, and seems unlikely that ^ can be achieved for a set of positive mea- 
sure, see [H Section 2.4]. Hence formulating a proper replacement of this 
condition ([5]) and its proof are simultaneously the hardest part and at the 
heart of the proof of Theorem 11.11 

We call X € X a BMS point if both the forward and backward endpoints of 
the geodesic determined by x belong to the limit set of T. These points pre- 
cisely comprise the support of the Bowen-Margulis-Sullivan measure mP^^ 
on X, which is the unique finite measure of maximal entropy for the geodesic 
flow, up to a multiplicative constant; see Section [2.31 We will call rnP^^ the 
BMS measure for simplicity. By a BMS box, we mean a subset of the form 
xqN~ ApNpM where xq ^ X \s a, BMS point, p > is at most the injectivity 
radius at xq and Sp means the p-neighborhood of e in S* for any S C G. 

Theorem 1.3 (Window Theorem). Let 6 > I. Let E C X be a BMS box. 
Let ip G Cc{X) be a non-negative function with 'iI:\e > 0. Then there exist 
< r < 1 and Tq > 1 such that for any T > Tq, 

/rT f-T 
i){xut)dt < (1 - r) / i)[xut)dt} > § • m^^{E). 
-rT J~T 

We call X a good point for the window It — IrT if 

ip{xut)dt < (1 — r) / 'ip{xut)dt, 



or equivalently if Jj^_j ^ ip{xut)dt > r Jj^ ip{xut)dt. The window theorem 
says that the set of good points for the window It — IrT has a positive 
proportion of E for all large T. It follows that for any e > 0, we can choose 
a sequence = Tfc(e) such that the set Ef^, of good points for the window 
[(1 - e)Tk,Tk] (or [-Tk,-{1 - e)Tk]), has positive measure. Let Xk,yk = 
XkSk £ Ek- To be able to use this in obtaining an additional invariance, we 
need to control the size as well as the direction of the divergence u^^gkUT^. 
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More precisely, we need to be able to choose our generic points yk = xtQk so 
that the size of gk is comparable with and the size of its ^"-component 

is comparable with that of [/"-component. 

We emphasize here that we work in the opposite order of a standard 
way of applying the pointwise ergodic theorem where one is usually given 
a sequence gk and then find window It^. depending on g^, (as the window 
theorem works for any T^). In our situation, we cannot choose T^, and 
rather have to work with given (depending on e). So only after we know 
which Tfc's give good windows for e- width, we can choose good points x^gt 
for those windows. What allows us to carry out this process is that we have 
a good understanding of the structure of the generic set along contracting 
leaves, to be more precise, because the BMS measure has positive entropy 
for the geodesic flow and that the PS measure is locally well-spread out. 

Hoping to have given some idea about how the above window theorem 
11.31 will be used, we now discuss its proof, which is based on the interplay 
between the BR measure and the BMS measure. It is worth mentioning 
that the close relation between the BR and the BMS measure is also the 
starting point of Roblin's unique ergodicity theorem. 

Unlike the finite measure case, mP'^ is not invariant under the frame flow, 
which is the right translation by in X. However, as s — >• +00, the nor- 
malized measure := (a_s)*m^^|£; (the push- forward of the restriction 
mP'^\E by the frame flow a_s) converges to the 777,^^^ in the weak* topology. 

Under the assumption 5 > 1, the BMS measure turns out to be U- 
recurrent and hence almost all of its [/-leafwise measures are non-atomic. 
This will imply that the analogue of ([5]) holds for "most" of the f7-leafwise 
measures of m^^^. 

The goal is to utilize this and the fact that /if ^ weakly converges to 
j^BMS^ in order to deduce that many of the [/-leafwise measures of mP'^ 
must also satisfy ([5]). It is worth mentioning that in general it is rather rare 
to be able to deduce "interesting" statements regarding leafwise measures 
from weak* convergence of measures. One possible explanation for this is 
that the leafwise measures of a sequence of measures may change "very 
irregularly" as one moves in the transversal direction, e.g. approximation of 
Lebesgue measure by atomic measures. 

We succeed here essentially because we have a rather good understanding 
of the iV-leafwise measures of /if ^ . To be more precise, we can show (i) the 
A^-leafwise measures of /if^ change rather regularly, see Section [3l further- 
more, (ii) the projection of an //-leafwise measure of /if ^ converges in the 
-L^-sense to its counterpart of mP'^^ in most directions, see Section [5.11 

We emphasize that we establish the L^-convergence of these measures, 
not merely the weak* convergence, and this is crucial to our proof; see the 
Key Lemma 15.111 and Section [71 The proof of this L^-convergence requires 
a certain control of the energy of the conditional measures of /if ^ which is 
uniform for all s ^ 1. Our energy estimate is obtained using the following 
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deep property of the PS measure: for all ^ € A(r) and for all small r > 0, 
Uo{B{^,r)) X (with the implied constant being independent of ^ and r), 
together with the Besicovitch covering lemma. Lastly we remark that our 
proof of the window theorem makes use of the rich theory of entropy and is 
inspired by the low entropy method developed by Lindenstrauss in |16j . 

Acknowledgment We are very grateful to Tim Austin for numerous helpful 
discussions regarding various aspects of this project. We also thank Chris 
Bishop and Edward Taylor for helpful correspondences regarding totally 
disconnected limit sets of Kleinian groups. 

2. ErGODIC properties of BMS and BR MEASURES 

2.1. Measures on T^(r\]Hl3) associated to a pair of conformal den- 
sities. Let {M.^,d) denote the hyperbolic 3-space and 9(IHI^) its geometric 
boundary. We denote by T^(EI^) the unit tangent bundle of and by tt 
the natural projection from T^(]HI^) — H^. 

Denote by {g^ : s G M} the geodesic flow. For u G T^(E['^), we set 

:= lim g'^{u) and u~ := lim g'^{u) 

which are respectively the forward and backward endpoints in d{M.^) of the 
geodesic defined by u. 

Definition 2.1. (1) The Busemann function /? : d{B.^) x x ^ M 
is defined as follows: for ^ G (9(E[^) and x,y ^ H^, 

I3^{x,y) = lim d{x,^s) - 

s— >oo 

where is a geodesic ray tending to ^ as s — )• oo from a base point 
o G H^, fixed once and for all. 
(2) For u G T^(IH^), the unstable horosphere and the stable horo- 
sphere 7i~ denote respectively the subsets 

{v G T^W") : V- = u- , /3^^{7r{u),n{v)) = 0}; 

{vGT\M^):v+ = u+,fi^+{Tr{u),7r{v))=0}. 

Each element of the group PSL2(C) acts on C = C U {oo} as a Mobius 
transformation and its action extends to an isometry of M^, giving the iden- 
tification of PSL2(C) as the group of orientation preserving isometrics of H'^. 
Note that {g{u)) = g{u ) for g £ G. The map given by 

u is called the visual map. 

For discussions in this section, we refer to [3lJ and p4] . Let F be a non- 
elementary (i.e., non virtually abelian) torsion-free discrete subgroup of G. 
Let {fix ■■ X G H^} be a T -invariant conformal density of dimension 5^ > 
on d{W^). That is, each fix is a non- zero finite Borel measure on d{M?) 
satisfying for any x,y G H^, ^ G d{M?) and 7 G F, 

7.^. = ^,. and ^(^) = e-^''^^(^'-). 



BURGER-ROBLIN 



9 



where ^^iix{F) = l^x{l~^{F)) for any Borel subset F of d{E?). 

Let {jJLx^ and {/i^.} be F-invariant conformal densities on 9(]HI^) of di- 
mension 5^ and 6^/ respectively. Following Roblin {31], we define a measure 
m^'^ on T^(F\El3) associated to the pair {^x} and {/i'^.}. Note that, fixing 
o G H^, the map 

u ^ (u+,u",/3„-(o,7r(n))) 

is a homeomorphism between T-'^(EI'^) with {d{^) x 9(H^) - {(^,^) : i € 
a(El3)}) X M. 

Definition 2.2. Set 

It follows from the F-conformal properties of {/u^,} and {/^^} that m^''^' is 
F-invariant and that this definition is independent of the choice of o G H^. 
Therefore it induces a locally finite Borel measure m^'^ on T1(F\IH3). 

2.2. BMS and BR measures on T^(F\IH^). Two important densities we 
will consider are the Patterson-Sullivan density and the G-invariant density. 

We denote by 5 the critical exponent of F, that is, the abscissa of conver- 
gence of the Poincare series Pr(s) := Yl-y^;- fo'^ ^ G H^. As F is 
non-elementary, we have 5 > 0. The limit set A(F) is the set of all accumula- 
tion points of orbits F(z), z G H^. As F acts properly discontinuously on H^, 
A(F) C 5(EI'^). Generalizing the work of Patterson [26] for n = 2, Sullivan 
[34j constructed a F-invariant conformal density {vx '■ ^ ^ H^} of dimension 
5 supported on A(F). Fixing o G H^, each z/^ is the unique weak limit as 
s — )• J"*" of the family of measures on the compact space EI := 'M? U doo(^)'- 

y e--'^(°.^W) ^ 

where is the dirac measure at 7(0). This family will be referred to as 
the PS density. When F is of divergence type, i.e., Vvi,^^ = 00, the PS- 
density is the unique F-invariant conformal density of dimension b (up to a 
constant multiple) and atom-free [31] Cor. 1.8]. 

We denote by {m^ : x G H^} a G-invariant conformal density on the 
boundary 9(E[^) of dimension 2, unique up to homothety. In particular, 
each rrix is invariant under the maximal compact subgroup which stabilizes 

X. 

Definition 2.3. (1) The measure m'^'^ on T^ (F\]Hl3) is called the Bowen- 
Margulis-Sullivan measure rn^^^ associated with {vx] [35j: 

(2) The measure m'^''" on T^(F\IH'^) is called the Burger-Roblin measure 
m^^ associated with {z^^,} and {mx\ ([6], [3T]): 
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We will refer to these measures as the BMS and the BR measures re- 
spectively for short. It is worth mentioning that the Riemannian volume 
measure, in these coordinates, is m™"'™". 

A discrete subgroup F of G is called geometrically finite if a unit neigh- 
borhood of the convex hull C(A(r)) of the limit set modulo F has finite 
volume. It is equivalent to saying that r\E[^ admits a finite sided funda- 
mental domain. A geometrically finite group T is called convex cocompact if 
one of the following three equivalent conditions hold (cf. [5]): 

(1) r\C(A(r)) is compact; 

(2) r\IH^ admits a finite sided fundamental domain with no cusps 

(3) A(r) consists only of radial limit points: ^ S A(r) is radial if any ge- 
odesic ray toward ^ returns to a compact subset for an unbounded 
sequence of t. 

The BMS measure is invariant under the geodesic flow. Sullivan showed 
that for r geometrically finite, it is ergodic and moreover the unique measure 
of maximal entropy ([35j, [25j). For T convex cocompact, the support of the 
BMS measure is compact, as its projection is contained in r\C(A(r)). 



Theorem 2.4. |10j If F is geometrically finite and Zariski dense, the PS 
density of any proper Zariski subvariety of d(W^) is zero. 

2.3. BMS and BR measures on X = T\G. We fix a point o G 
whose stabilizer group is K := PSU(2). Then the map g i— g{o) induces a 
G-equivariant isometry between G/K and H'^. Set 

M := {me = diag(e*^ e"*^) : 9 G [0,2^)}. 

By choosing the unit tangent vector Xq based at o stabilized by M, G/M 
can be identified with the unit tangent bundle T^(IHI^) via the orbit map 
g I—;- g{XQ). This identification can also be lifted to the identification of the 
frame bundle of with G. These identifications are all F-equivariant and 
induce identifications of the frame bundle of the manifold F\]HI^ with F\G. 
We set X = r\G. Abusing the notation, we will denote by m^^^ and m^^, 
respectively, the M-invariant lifts of the BMS and the BR measures to X. 
For g €G,we set g^ = (gM)^ where gM G G/M = T^{B.^). Note that the 
support of 771^^^ and are given respectively by 

n = {geX ■.g+,g- e A(F)} a.nd £ = {g e X : g~ G A(F)}. 

The right translation action of the diagonal subgroup 

A := {as := diag(e"/2, e''/^) : s G M} 

on G is called the frame fiow and it projection to G/M corresponds to 
the geodesic fiow. We have that mP^^ is j4-invariant and is A-quasi- 
invariant: (a_s)*m^^ = e^'^~^^'^m^^ . 
Set 

N := {n, = Q J J : z G C} and N' := {n' = ( J ^ J : z G C} 
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and for g G G, 

H+{g):=gN and {g) := gN' . 

The restriction of the projection G — )• G/M induces a diffeomorphism 
from H^{g) (resp. {g)) to the horosphere 'H'^j^ (resp. 'H'j^j) in T^(E[^) 
and hence the visual maps n — )• induces diffeomorphisms Pu+f^g-^ : 5(EI^) — 
{g-} ^ H+{g) and Pn-^g) : 9(IH3) - {g+} ^ for each 5 G G. 

Definition 2.5. (1) On H+{y) for y G G, set 

The measure fJ-^+^y-j is G- invariant in the sense that g*IJ^^+(^y^ = 
^])iH+(y))'' particular, it is an A^-invariant measure on H^{y). 
(2) Set 

We note that {^^+^^^} is a F-invariant family. 

Fix a left G-invariant and right i^-invariant metric on G which induces 
the hyperbolic distance d on G/K. For p > and a subset Y of G, we 
denote by Yp the intersection of Y and the /O-ball centered at e in G. 

The M-injectivity radius px &t x G X is the supremum of p such that for 
Bp := N~ ApMNp, the map Bp — xoi?p given by 5 — )• x^g is injective. 

Definition 2.6. A box in X (around xq) refers to a subset of the form 
xoBp = xoNp ApMNp with < p < pxQ for some xq £ X. Note that xoBp 
coincides with xoNp ApNpM . We call this box a BMS box if x^ G A(F), 
i.e., if xq belongs to the support of the BMS measure. 

We fix a box around x^Bp. Set Tp := NpAp and Tp := Np ApM. Since 
the measures m^^^ and mP'^ have the same transverse measures for the 
unstable horospherical foliations, we have for any G C{xoBp), 



W= / '<P{ynm)dpjj+,.{yn)di) f{y)drn 

yexoTp,meM JneNp 



i;{ymn)dfifj+( Jymn)d{i' f (g) m){ym) 

ym&xoTpM Jn&Np 



and 



(V') = / _ / '<P{ynm)dpj^+,.{yn)d9 f{y)drn 

'yexoTp,m&M JNp 

i}{ymn)dp}^t Aymn)d{i' f m){ym) 

ymexoTpM JneNp 

that is, dvxoTp '■= di'xof ®dm denotes the transverse measure of mP'^^ (and 
hence of mP'^) on x^Tp. 

The following easily follows from Theorem 12. 4t 
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Corollary 2.7. If T is geometrically finite and Zariski dense, and E is a 
box in X, then m^^{d{E)) = 0. 

2.4. BR measure in the Iwasawa coordinates G = KAN. The canon- 
ical map L : N~ — t- G/MAN = K/M has a diffeomorphic image S := t{N~) 
which is K/M minus a single point. By abuse of notation, we use the same 
notation Vq for the measure on K which is the trivial extension of the PS 
measure Vq on = K/M: for ^ G C{K), 

ij) duo = / il){sm) dvo{sXQ)dm 
'K Jm Js 

where dm is the probability Haar measure of M. The lift of the BR measure 
fh^^ on G can also be written as follows (cf. [23]): for ip G Gc{G), 



fh^^{ip) = / ilj{kasnz)e ^''duo{k)ds dz 



where kagU^ G KAN^ ds and dz are some fixed Lebesgue measures on R 
and C respectively. As usual, this means that for ^{Tg) = Yl'y^r '^{id) with 
^ G Cc(G), m^^(*) = m^^(V'). 

2.5. BR measure associated to a general unipotent subgroup. A 

horospherical subgroup A^o is a maximal unipotent subgroup of G, or equiv- 
alently, A^o = {5 G G : h^gb""^ — t- e as n — t- 00} for a non-trivial diagonal- 
izable element b G G. Since A normalizes A^, it follows from the Iwasawa 
decomposition G = KAN that any horospherical subgroup A^o is of the form 
k^^Nko for some ko G K. The BR measure associated to A^o is defined to 
be 

m^R(V^) := m^^iko.^) 

where ijj G Cc{X) and kQ.il){g) = Tp{gk()). As mP^ is M = A^ft:(?7)-invariant 
(here Nk{U) being the normalizer of U in K), this definition does not 
depend on the choice of /cq G K. If Uq is a one-parameter unipotent subgroup 
of G, its centralizer Gg{Uq) in G is a horospherical subgroup. The BR 
measure associated to Uq means for Aq = Cg{Uq). 

2.6. Mixing of frame flow and its consequences. Some of important 
dynamical properties of flows on X have been established only under the 
flniteness assumption of the BMS measure. Examples of groups with flnite 
BMS measure include all geometrically finite groups |34| but not limited to 
those (see [27J). Roblin showed that if |m^'^^| < 00, then F is of divergence 
type. In the following two theorems, we consider the groups F with |m^^^| < 
00. We normalize Vq so that |m^^^| = 1. 

Theorem 2.8 ( |10] . |31]). Suppose that F is Zariski dense and \mP'^^\ = 1. 
(1) The frame flow on X is mixing with respect to mP^^ , that is, for 
any ipi,ip2 S L^(A, m^^^), as s ^ ±00, 

X 
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(2) The BR measure m on X is N-ergodic. 

(3) // r is geometrically finite, mP^ is the only N-ergodic measure on 
X which is not supported on a closed N-orbit. 

Flaminio and Spatzier |10j obtained (1) and (2) based on the work of Brin 
[3] and Rudolph [33] for T geometricahy finite. However using the work of 
Babillot [2j and Roblin [31j, it can be seen that the same proof works for 
any F with |m^^^| < oo. (3) is shown by Roblin in |31] for the projection of 
measures on T^(r\El3) based on the mixing of the geodesic flow with respect 
to m^^^. For F Zariski dense, using the mixing of the frame flow, his proof 
can be extended to prove (3) as well as the following theorem by verbatim 
repetition. 

Theorem 2.9. [HI Thm. 3.4] Let F be Zariski dense and \m^^^\ = 1. 
Then for any ip S Cc{X) or for ipi = XEi for bounded Borel subsets Ei C X 
with m^^^{d{Ei)) = 0, as s ^ +oo, 

Jx 

We note that by the quasi-invariance of the BR measure, 

/ M9a-s)M9)dm''''{g)=e^'-'> [ M9)M9as) dm^'^ig). 
JX JX 

In particular, the above theorem implies that if 5 < 2, 

''Pi{9)^2{9o.s) dm^^{g) — )• as s — >• +oo. 

Lemma 2.10. If V is a discrete subgroup of G with 5 > 1, then F is Zariski 
dense in G. 

Proof. Let Gq be the identity component of the Zariski closure of F. Suppose 
Go is a proper subgroup of G. Being an algebraic subgroup of G, Go is 
contained either in a parabolic subgroup of G or in a subgroup isomorphic 
to PSL2(M). In either case, the critical exponent of Go is at most 1. This 
leads to a contradiction and hence Gq = G. □ 



3. Weak convergence of the conditional of ij/gi 
In this section, we suppose that F is a Zariski dense discrete subgroup of 

G admitting a finite BMS measure, which we normalize so that ]m^^^] = 1. 
Fix a bounded M-invariant Borel subset E C X with mP^{E) > and 

m^^{d{E)) = 0. 

For each s > 0, define a Borel measure //^^ on X to be the normalization 
of the push-forward (a_s) * mP^\E- for G Cc{X), 
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Equivalently, 



Note that /i^^ is a probability measure supported in the set Ea-s- 
The following is immediate from Theorem 12.91 



Theorem 3.1. As s ^ +oo, weakly converges to mP^^ , that is, for 
any ^ £ CdX), 

lim fifli^) = m^^^{^). 

s—^+oo ' 

For simplicity, we will write for x £ X, 

d\x{n) = (i/i^*(^.)(xn) and dfi^^{n) = dfj^+^^^{xn) 

so that Xx and //^^ are respectively the conditional measures of mP^ and 

^BMS 

Definition 3.2. Fix x £ X. For s > 0, define a Borel measure A_e,x,s on 
xNp^ as follows: for ip G Cc{xNp^), 

^{2-6)3 r 

Recall the notation Tp = Np ApM for p > 0. Let xq £ X and let p < px^- 
For any box x^Bp = x^TpNp and ^ G C(2;o-Bp), we have 

= / ^{g)xE{gas)dm''''{g) 



e 



{2-S)s 



XE,xA^\xN„)diyxoT{x). 



'^{xn)xE{xnas)d\x{n)dvx^^T{x) 



x&oTp 

Hence \e,x,s is precisely the conditional measure of /i^^ on xNp. 
The aim of this section is to prove: 

Theorem 3.3. Suppose that x^ G A(r) and p < px- For any tp E Cc{xNp), 
^E,x,s{'^) — > fJ'x^i'ip) as s ^ +00. 

The condition x~ G A(r) is needed to approximate the measure A^;^^;^^ by 
its thickening in the transverse direction. 

For a function ^ on X and e > 0, we define functions on X as follows: 

:= sup ^{yg) and := inf ^{yg) 

where is a symmetric e-neighborhood of e in G. We also set 

:= EO, and E^ = HueO^Eu. 
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Lemma 3.4. Let x £ X and < p < px- For all small e > 0, there exists 
ei > such that for any non-negative ^' G C{xTe^Np) and any t G T^^, we 
have 

e-'K{^:) < A,t(^) < e^A,(^'+). 

Proof. Let Q < e < px — p. Consider the map (j)t : xN — t- xtN given by 
4>t{xn) = xtn, so that (p^Xxt = ^x- Since (pt is a translation by n~^tn, there 
exists ei > such that for all n G Np and t G T^^, n~^tn C and the 

dXx 
dXx 



Radon-Nikodym derivative satisfies e < ^^{n) < e*^. 



Therefore 



(^r) = J yI>(xnin-Hn))dXxtin) < e' j *+(xn)(iA,(n) = e^A,(^'+). 



The other inequality follows similarly. □ 

Lemma 3.5. Let x £ X and < p < p^- For any e > 0, there exists ei > 
such that for any non-negative ^ G C{xTe^Np), any t G T^j and any s > 0, 

Proof. Let ei be as in Lemma 13.41 We may also assume that nO^-^n"^ C 
for all n G Np. 

For t = ( ^-1 ) G N'AM and £ N with a + ztw / 0, define 



„/. I'^N _ 2^«i+«^:^aZ^ and _ i' a+z-f" "> ^ 



Then by a direct computation, we verify that 

(6) tn^ = n^^^^t^^)bt,z- 

Therefore we may assume that ei > is small enough so that for all 
t G and G Np, we have {^^^(2) : G Np} C A'^e, ?Jt^2 £ T^:, and the 
absolute value of the Jacobian of the map ipt\Np is at most e/2. 

We observe that n^a^ = nz+^^(^z)0'sia-sbt,zas) and since the conjugation 
by a-s contracts N~A for s > 0, we have n^a^ G nz+^^(z)0'sC)eM . 

Since is M-invariant, we deduce that XEixtUzag) < XE+i^''^z+ipt{z)'^s) 
for all t G and G A'p. Together with Lemma 13.41 we now obtain that 
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for any t G T^^ , 



<e(2 S)s / ^r+(xn^)x£;+(xn^+v>t(^)as)dA^t(2;) 



where the last mequahty follows since Np^^^ contains xA^ n supp(^^g). The 
other inequality can be proven similarly. □ 

Theorem 13.31 follows from: 

Theorem 3.6. Let S ^(r) and p < p^- Let tJj G C{xNp) he a non- 
negative function. For e > 0, there exists sq ^ 1 such that for any s > sq, 

e-^'\E,xA^) < /xf (V) < e^'XE,.,sW. 

Moreover, if x^ G ^(r) and ip is positive, then the above integrals are all 
non-zero. 

Proof. Let ei be as in Lemma [331 We note that as x~ G A(r), i/(xT£j > 0. 
Hence there exists a non- negative continuous function cp £ C{xT^^) with 
v{(t)) = I. Define ^ G C{xT,,Np) by 

^{xtn) := ip{xn)(j){xt) for xtn G xT^^^Np. 

Set 'il)f{xn) = supy^^ j^^ip{xnu) and ip'^xn) = iniu^N^ fp{xnu). Then by 
Lemma 13.51 



^^f!si'^)= [ XE,xtA^)dl^-Tp{xt) 



^e'/ >'E+ xsi'^2e)'P{xt)dv^Tp{xt) 
= ^'^Et,xMl)- 

We can prove the other inequality similarly and hence 

(7) ^-'^EZ,xA^2.) < l^ZC^) < e'\Et,x,si^te)- 

Since the map 1 1— )• fi^f is continuous by [311 Lemma 1.16], we have 
by replacing ei by a smaller one if necessary. 
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Since //|^(^) m^^^(^') by Theorem EH we deduce from ^ that 
there exists sq > 1 such that for ah s > sq, 

(8) < f^lH^) < e''XEt,.,si^l)- 
We claim that 

(9) e-^'XE,x,sW < A£;±,,,,(V'|) < e'''XE,x,sW 

which will complete the proof of the theorem by 
We can deduce from ([7]) that 

Since it follows from Theorem 13.11 that 

e-'fif^,{^) < fill/^i) < e^i^.l^') for ah large s » 1, 

we have 

This implies ^ ^iipte) — ^'^'^^e~ x s(^2e) ^^"^ hence ([9]) follows. □ 

4. PS DENSITY AND ITS NON-FOCUSING PROPERTY WHEN 6 > 1 

Let r be a (non-elementary) convex cocompact subgroup of G. 
The assumption on F being convex cocompact condition is crucial for the 
following theorem: 

Theorem 4.1. For any compact subset Fq of X, there exists cq = cq{Fq) > 1 
such that for any x £ Fq with x^ G ^(r) and for all < r <^ 1, 

co'r^ < iJH^(x)i^Nr) < cor^ 

where xNr = {xriz '■ \z\ < r}. 

Similarly, for any x £ Fq with x~ £ A(r) and for all < r <^ 1, we have 
Cq^i"^ < ^i/^- (x) ) — f^'^ xN~ = {xn~ : \z\ < r}. 

Proof. As Fq is compact, up to uniform constants, fi^+^^^{xN:^) x i'o{B{x^ ,r)) 

where B(x~^,r) is the ball around x~^ of radius r in d{M.^) in the spherical 
metric. As x^ G A(r), the above result is then due to Sullivan |35] who 
says Uo{B{^,r)) x r^ uniformly for all ^ G A(r) and for all small r > for 
r convex cocompact. □ 

Lemma 4.2. Let 5 > 1 and Fq C X be a compact subset. For every e > 0, 
there exists a positive integer d = d{e, Fq) such that for any x £ Fq with 
x~ G A(r) and for all small < r ^ 1, we have 

{^^- : 1^1 < |cj(^)| < MM} < , . /.PS (^^-). 
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Proof. Let r be small enough to satisfy Theorem 14.11 For an integer d> 1, 
consider Bd{x,r) := {xnj : \z\ < r, \Q{z)\ < r/d} which clearly contains the 
set in question. Theorem 14.11 implies that 

where cq > 1 is an absolute constant independent of d and r. 

Let d = d{e) > 1 be such that cod^^^ < Cq^c. Then fx^_^^.^{Bd{x,r)) < 

e ■ fi^^^^^{xN~), implying the claim. □ 
Lemma 4.3. There exists bo > 1 such that for all small < r] <^ 1 

Proof. The claim follows since the product maps xAxNxM^G 
by {n^ ,a,n,m) i— )• n~anm and N x Ax N" x M — )• G by (n,a,n'~ ,m) i— )• 
nan~m are local diffeomorphisms at the identity. □ 

We will use the above results to prove the following proposition 14.41 The 
proof is elementary and is based on the fact we have a good control of the 
conditional measures on contracting leaves, i.e., A^~-orbits. However, the 
fact that this statement holds is quite essential to our approach. Indeed, 
as we explained in the introduction, one major difficulty we face is that 
the return times for our [/-flow do not have the regularity one needs in 
order to get the required ergodic theorem on the nose. In our version of the 
window theorem, the set where a window estimate holds depends on time; 
see Section [71 and in particular Theorem 17.71 below. Usually in arguments 
with similar structure as ours, this fact is fatal as one has very little control 
on the structure of the "generic" set for the measure in question. In our 
case however the following proposition saves the day and provides us with 
a rather strong control. 

In the following proposition we fix a BMS box E = xqN~ ApNpM with 
Xq G A(r) and < p < ^ inf^gn Px with feg as in Lemma 

Proposition 4.4. Let 6 > 1. Fix < r < 1. There exist positive numbers 
do = (io(r) > 1 and sq ^ 1 such that for any Borel subset F C E with 
mP^{F) > r • m^^{E) and any s > sq, there exists a pair of elements 
Xs,ys ^ F satisfying 

(1) Xs = ys-n'^ for n-^ G N' , 

(2) ^ < l^.l < ^ and 

(3) > 

Proof. Let cq > 1 be as in Theorem 14.11 where Fq is the 2p-neighborhood 
of Vt. We will write B(z,p) = zNp in this proof. For all x G xoNpApM , 
x" = Xq and hence x~ G A(r). Hence by Theorem 14. H 

(10) Co < /x^^-(,)(5(x, 7])) < cov^ for all < 7? < 1. 
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Set di := '^^^°^BR(^)''^^'* where v denotes the transverse measure of 
^BR xoNp^ Ap^ M. We claim that there exists z G xoNh^pAijgpM with 



m 

fi^^f^^^{B{z,bop) n F) > ^. Suppose not; then 



{F)< [ tJ^jf.^_^^{B{zMp)r\F)dv{z) 

< l^iy{xoNh,pA,,pM) = r ■ m^\E) 

which contradicts the assumption on F. 

Set Q := B{z, bop) n F n supp ^iid for each s > 1, consider the 

covering {B{x,s^^) C H^{z) : x ^ Q} of Q. By the Besicovitch covering 
lemma (cf. |21]). there exists k > (independent of s) and a finite subset 
Qs such that the corresponding finite subcover {B{x, s~^) : x G Qs} of Q is 
of multiplicity at most k. 

Note that for g > 1, by ([TO]), 



Hence by taking q > 1 large so that K^q~^CQbQp^ < we have 

^H-(.)(UxeQ.i?(x,Jj))<3^. 



If we set R{s,d) := U^eQ.{w^ G ^(2;, 7) : \^{w)\ < MM}, it follows from 
Lemma 14.21 that there exist ^2 > 1 and sq > 1 such that for any s > sq, 

Hence for any s > sq, the set 

Q- (U^6Q,5(x,^)Ui?(s,(i2)) 

has a positive Pff-f^^^^ measure (at least 3^)- In particular, there exists 
Xs ^ Q such that {QnB{xs, ^)) — {B{xs, ■^)UR{s, ^2)) has a positive P^-(^z^ 
measure. Picking from this set, we have found a desired pair Xs,ys from 
F with do = max{q, di). □ 

5. Energy estimate and L^-convergence for the projections 

Let r be a convex cocompact subgroup of G with 6 > 1 and fix a BMS 
box E C X (see 12.61 for its definition). We have mP^{E) > and by Lemma 
12.101 and Corollary 12.71 'mP^{d{E)) = 0. In the entire section, we fix x E X 
with x^ E ^(r). Recall the definition of the measure A^;^^;^^ on xNp^ from 
for ^ E CixNpJ, 

e(2-<5)s r 

^E,x,s{i^) = BR(T?\ i ip{xn)xE{xnas)dXj:{n). 
In the following, we fix < p < -^/9a;- 
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5.1. Projections of M^+^j.) and \e,x,s- The A^-orbit of x can be identified 

with via the visual map xn i-> (xn)"*" G d(M?) — {x^} and the identi- 
fication of a(H3) - {a;-} with by 

mapping x to the point at infinity. 
Therefore we may consider \e,x,s and M^+^j.) as measures on R^. 
Let 

C/ = {(J V = 

In the sequel by a measure on [0, 27r] we mean dO /2Ti. For each G [0, 27r), 
we set Uq = mgUiriQ^ and = rngVuiQ^. We may identify Uq as the hne 
in in the direction ^ and V$ as the line in the direction oi 6 + 7r/2. 
We denote by po the projection map pe : UeVe ^ Ve which is simply the 
projection parallel to the line Uq. 

For p > 0, set 

:= {te^p{ie) : t G [-p,p]} and := {itexp{ie) : t G [-p,p]}. 

Definition 5.1. Fix < 6* < vr, < r < p and s > 1. We define the 
measures on xVq as follows: for if) G Cc{xVg), 

JxV^Vl 

and 

That is, crjg and o'Jg^ are respectively the push-forwards of MH+(a;)la;V/i7j" 
and Ae^aj.sLy^ft/j via the map pe- 

5.2. Energy and Sobolev norms of the projections. Consider the 
Schwartz space 5 := {/ G L'^{xVe) : t'^D^{f) G L'^{xVe)}, where a,/3 G 
N U {0} and D = ^. Denote by S' the dual space of S with the strong 
dual topology, which is the space of tempered distributions. For r > 0, we 
consider the following Sobolev space 

H^^ixVe) := {/ G 5' : (1 + \t\r f G L^ixVe)} 

with the norm 

II/II2,. := + \t\Yf\\LHxVe) 

where / denotes the Fourier transform of /. 
We recall the notion of a-cncrgy: 

Definition 5.2. For a > and a Radon measure /x on M?, the a-energy of 

p is given by 

lailJ') ■= [ [ I ^—radlJ.ix)dlJ,{y). 

7r2 f ~ y\ 
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It is a standard fact that Ia{^J') can be written as 

Iaifi) = a / — - — drdfi{x) 



Jo ' 

where B{x,r) is the EucHdean disc around x of radius r. 

The a-energy of a measure is a useful tool in studying the projections 
of fi in various directions. See |28l Proposition 2.2] or [22, Theorem 4.5] for 
the following theorem: 

Theorem 5.3. Let v be a Borel probability measure on M? with compact 
support. If Ii[v) < oo, thenpQ^,v is absolutely continuous with respect to the 
Lebesgue measure for almost all and for any < r < ^, 



where c > 1 is an absolute constant independent of v, D[pQ^,v) is the Radon- 
Nikodym derivative of pe^u with respect to the Lebesgue measure. 

Lemma 5.4. Let Q C be a compact subset, c > and (3 > be fixed. 
Let M. be a collection of Borel measures on Q such that 

fj,{B{x,£)) < c- for all // G M, x G supp(//) and £ > 0. 

Then for any < a < 

sup /a(/u) < oo. 
Proof. Fix < a < p. We have 

< ct'-'iUi^iQ) + r°i£rM(<3)' = mxc + fm- 

Now, since Q is compact, the assumption implies that sup^^j^ /^(Q) < oo. 
Hence Ia{f^) is uniformly bounded for all ^ G A^. □ 

Corollary 5.5. Fix < t < p. For almost all 6, a'!^g is absolutely con- 
tinuous with respect to the Lebesgue measure on xVq and its support has a 
positive Lebesgue measure. Furthermore its Radon-Nikodym derivative sat- 
isfies D{alQ) G H''{xVq) for any < r < 

Proof. It follows from Theorem 14.11 and Lemma 15.41 that for any < a < 6, 

^«(/^H+(xo)l^oWp) < oo. 

Now, the fact that the support of the projection has positive measure 
follows from |20i Theorem I]. The other two claims follow from Theorem 
[Ql □ 

Fix some < r < for the rest of the argument. We will refer to these 
0's which satisfy the conclusion of the above Corollary for this r as "PL" 
directions for (x,r), or simply for r when x is fixed. 
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5.3. Uniform bound for the energy of Xe,x,sj s > 1. Set 

^E,x,s '■= ^E,x,s\xNp 

in this subsection. 

Li this subsection, we show that the collection M. = {A^ ^ : -s > 1} 
of measures on xNp satisfy the hypothesis of Lemma 15.41 with (3 = 5. We 
may consider Xe,x,s StS a measure on M? supported on the p-ball around the 
origin. 

Since is a BMS box, E is of the form xqN~^Aj,qNj,qM for some < tq < 
Pxo where Xq G A(r). 

Lemma 5.6. For all s > 1, we have 

xNpDEa^s C {xn G xNp : d{xn, P~l^^^{A{T) - {x^})) < e^'^ro} 

where Ph+{x) '■ dooO^^) — {x~} — >■ H~^{x) is defined in the subsection \2.'^ 
and d denotes the Euclidean distance: d{xnz,xnz') = \z — z'\. 

Proof. Suppose xn = XQn~atnzmga_s with \z\ < tq. We may write it as 

xn = XQn^at-sfne'n^-s^2niBz- 

If we set y := xon~at-siTie, then = Xq. Hence y+ S ^(r)- Since 
xn = yng-sg27rifl2 ^-nd |e~*e^'^*^z| < e~'^ro, the claim follows. □ 

Theorem 5.7. There exists c > such that for all s ^ 1, y £ supp(A^ ^, ^) 
and any i > Q, 

A,xAB{y,l))<c-l' 
where B{y,£) = {yuz ■ \z\ < i}- 

Proof. Since B{y, 2p) contains xNp, it suffices to show the above for < ^ < 
2/9. Since supp(A£;^a;^s) C Ea-s H xNp, it follows from Lemma [5^ that for 
each z G supp(A£. ^. ^), B{z,'ipe~^) contains B{w,pe~^) for some w G H^{z) 
with w+ G A(r). 

Hence by Theorem 14.11 we have 

where cq is as in Theorem 14. II for Fi the p-neighborhood of Vt. Consider the 
covering of supp(A£. ^ ^) given by the balls B{z, 3pe~'^), z G supp(A£; ^ ^). By 

the Besicovitch covering lemma we can choose a finite set Jg C supp(Ag ^ J 
such that the corresponding finite collection {B{z,3pe~^) : z G Js} has 
multiplicity at most k (independent of s) and covers supp(A^^. ^). 
Now we consider two cases for i. 

Case 1. Q < I < e'"" . Then for any y G supp(A^ ^ ^), we have 
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Case 2. e'" < i < 2p. Let Jy^s = {z € Js : B{z,2,pe-') C B{y,M)}. We 
have 

^)) < E {^^^,-,^(^(^' 3pe-^)) : B{z, 3pe-') D B{y, / 0} 

<coi3pf-' Yl f^HHy)iBiz,3pe~^)) 

<KCoi3pf-'^ll^^y){Biy,3e-')) 
< 3^Kcl{3p)^'^i\ 
Hence for all < ^ < 2/? and y G supp(A£;^2:^s), 

for some constant ci > independent of s » 1. □ 

Therefore by Lemma 15.41 we deduce: 
Corollary 5.8. For any < a < 5, 

sup/a(A^^ J < oo. 

5.4. L^-convergence of projected measures. 

Proposition 5.9. Fix < t < p and a PL-direction 9 G M for (x,t). 

//supj 11-0(0"^ g g^)||2,r < OO as Si ^ +00, then 

Proof. By Theorem [33] and the assumption of G A(r), Xx,si\xUl^vj' weakly 



converges to /^^+(j.)Lc/^V'j' as Sj — )• oo. Therefore a'^ g weakly converges to 
o"! /) as i — )• oo. Hence it suffices to show that the collection 



'x,e 

is relatively compact in Lp'{xVg). Since this collection is uniformly bounded 
in the Sobolev space H'^{xVg) by the assumption, the claim follows from 
the fact that for any r > we have H^^xVg) embeds compactly in L'^{xVg) 
(see [m Theorem 16.1]). □ 

Theorem 5.10. Let Si — )• +oo be a fixed sequence. For every e > and 
every finite subset {ri, . . . ,t„} of {0,p], there exists a Borel subset Q{x) C 
[0,27r), of measure at least 1 — e such every 9 € G(x) is a PL direction for 
(x, T^), for each 1 < i < n, and satisfies 

DK^As. . ) D{a2e) for each l<l<n 

for some infinite subsequence {siA (depending on {x,6)). 
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Proof. Recall that we fixed some < r < (5 — l)/2. By Corollary 15.81 and 
Theorem 15.31 there is a constant L > 1 such that 

sup J \\Dial'^,J\\l,de < L for l<^<n 

Hence using Corollary [53] and Chebychev's inequality we deduce that there 
exists some Lq > such that if we let 

= {61 : 6* is a PL direction for {x,T(,) and \\D{al'^g^J\\l^ < Lq}, 

then for ah i > 0, we have m{Ql'J > 1 - ^. Let = n^BJ^ and let 
G = limsupj @i then m{Q) > 1 — e. For 9 G Q, 9 lies in infinitely many of 
0i's, say, 9 £ Qi.. Hence the claim follows from Proposition 15.91 applied to 

5.5. Key lemma on the projections of A^^^,. The following is the key 
technical lemma in the proof of the window theorem: 

Lemma 5.11 (Key Lemma). Fix < t < p and a PL direction 9 G [0, 2tt), 
simultaneously for {x,t) and {x,p). Let Wirrig C xNr be a sequence of 
Borel subsets and {si} be a sequence tending to infinity. Assume the follow- 
ing holds as i ^ oo: 

(1) Dial^eJ DK,e); 

(3) \E,x,sA^Nr-Wimg^) ^0. 
Then for any Borel subset O0{x) C xVq, 

limsnpa'^gJOeix) - peiW^m,^)) < e Oe{x) : = 0}. 

i 

Proof Set := {t G Oe{x) : D{alg){t) > 0} and 

£[ := pe{Oe{x)US n Wm^^) = Oe{x) npe{Wme^). 
For no > 1, define 

S„„ = {tGV^: D{ale){t) > ^, D{a%){t) < no}. 
Let e > be arbitrary. There exists no = 'rao(e) > 1 such that 
<,(S„J>(l-eK%(p-). 

Since -D(crJ e ^ ^i'^x e) ™ L'^i^^e): denoting by A the Lebesgue measure 
on xVe, we have 



JxVe 

< \\D{als) - D{al,,)\\2 ■ X{xVg)'/' ^ 0. 
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Since cr'!^ g g_{O0{x) — C^) < XE,x,Si{xNp — Wi'mg^) — )• by the assumption 
on WiTTio, it follows now that there is some io = ioino) such that for all 
i > io, 

Note that for any set T C with ci^gCT) < we have o'^g(T) < e. To 
see this, note that if 

then A(T) < and hence a'^/T) = D{a'^ g,t)dX{t) < noA(T) < ^ < e. 
Therefore we have 

< <A{Oe{x) - £[) n S„J + <,((Oe(x) - CI) n iOeix) - 

Since e > is arbitrary, 
(11) limsup<,(Oe(x) -£[) < <,(Oe(x) -n)- 

i 

Now since D{(T^g^ ) — D{a^g) in L^(xlg^), we have 
|<,(0,(x) ^(0,(x)-£[)| < / \Dia^^,J-Dia^^,)\dX^O. 

J xVg 

Combined with (jlip . this implies that 

limsup<,_^^(Oe(x) -£[) < a%{Oe{x)-Vl). 

i 

□ 

6. Recurrence properties of BMS and BR measures 

6.1. Theorems of Marstrand on Hausdorff measures. Let A C M^. 

The s-dimensional Hausdorff measure of A is defined to be 

?^^(A) = inf?^^(A), 

where := {Y.id{WiY : A C U^iTVi, d{Wi) < r?} and d{Wi) denotes 

the diameter of Wi. 

The Hausdorff dimension of A is 

dim(A) = sup{s : n^K) > 0} = inf{s : ^'(A) = oo}. 

A set A is called an s-set if < ^^{K) < oo. Fohowing Marstrand pO] , 
a point G A is called a condensation point for A if ^ is a limit point from 
(^, 0) n A for almost all 9 where (^, 6) denotes the ray through ^ lying in the 
direction 6. 

Let A be an s-set in the following three theorems: 
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Theorem 6.1. pQj Theorem 7.2] If s > 1, Ti'^ -almost all points in A are 
condensation points for A. 

Theorem 6.2. [20\ Lemma 19] If s > 1, almost every lines L through T-L^- 
almost all points in A intersect K in a set of dimension s — 1. 

Theorem 6.3. \2Q\ Theorem II] If s < 1, then the projections of A have 
Hausdorff dimension s for almost all directions. 

6.2. [/-Conservativity of m^^. In the rest of this section, we assume that 
r is convex cocompact. 

Theorem 6.4. [35] For x E G, the measure /^^+(^.-) onxN is a 5 -dimensional 
Hausdorff measure supported on the the set {xn G II~^(x) : (xn)+ G A(r)}. 
Furthermore, this is a positive and locally finite measure on xN . 

For U = {ut = {W) \ t ^ M}, recah that U is conservative for mP'^ if 
for every ■0 > 0, J^^^xp{xut)dt = oo for a.e. x G X, or equivalently for any 
Borel subset B of X with mP^{B) > 0, f^^^ XB{xut)dt = oo for a.e. x € B. 

The fohowing is Maharam's recurrence theorem (cf. [U 1.1.7]): 

Lemma 6.5. // there is a measurable subset B C X with < m^^{B) < oo 
such that for almost all x £ X, XB{xut)dt = oo, then U is conservative 
for mP^. 

Recah the notation Q = {x £ X : x^ £ M^)} and £ = {x £ X : x~ £ 

A(r)}. 

Theorem 6.6. If 5 > 1, then U is conservative for . 
Proof. Set 

T := {g £ X : g~ £ A{T),gut ^ 0, for ah large t >g 1 }. 
Hence g £ J- means {gut)'^ ^ A(r) for ah large t 1. We claim that 
(12) m^^(^) = 0. 

Suppose not. Then by the Fubini theorem, there is a set O C £ with 
m^^{0) > such that for all g £ O, gmg £ T ioi a, positive measurable 
subset of 6l's. Note that Vo{{g~ G A(r) : g £ O}) > where !/„ is the PS 
measure on A(r). Fix ^ A(r) and identify ^(H^) - {^q} with M?. Since 
^o|a(H3)-{^o} equivalent to the (5-dimensional Hausdorff measure on 
A(r) C by Theorem El we have Ti^ig' £ A(r) : g £ O} > 0. Note 
that Le{g) := {{gmeuty £ = d{W^) -{(,}: t > 0} is the line segment 
connecting g'^ (at t = 0) and g~ (at t = oo). Hence g £ O implies that 
g~ is not a limit point of the intersection Lg{g) Ci A{T) for a positive set of 
directions 9. This contradicts Theorem 16.11 and proves the claim (jl2j) . 

Let O be an r-neighborhood of 0, for some small r > 0. li g £ X — J^, then 
gut £ O and gut+s £ C for all |s| < r. Hence if gut^ £ for an unbounded 
sequence ti, ff^^Xo{sut)dt = oo. As m^^(J^) = and < m^^(O) < oo, 
this implies the conservativity by Lemma 16.51 □ 
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6.3. Leafwise measures. Let be a closed connected subgroup of N. Let 
■MooiW) denote the space of locally finite measures on W with the smallest 
topology so that the map i— )• J ip dv is continuous for all ^ S Cc{W) (the 
weak* topology). A locally finite Borel measure iion X gives rise to a system 
of locally finite measures [//Jf] E -MooiW), unique up to normalization, 
called the leafwise measures or conditional measures on PV^-orbits. There is 
no canonical way of normalizing these measure, for our purposes here, we 
fix a normalization so that fi^i^i ^ ^) — 1- With this normalization, the 
assignment x i— )■ fi^ , is a Borel map, furthermore, for a full measure subset 
X' of X, = u.fiY fo'^ every x,xu G X'; for a comprehensive account on 
leafwise measures we refer the reader to [8]. 

In the case when W = ^^W+(x) ~ 1^^^ ^^'^ f^^+{x) ~ "^^^ 
malization are precisely the A^-leafwise measures of EMS and BR measure 
respectively. We will be considering the U leafwise measures of m^^s as 
well as of /^^^. 

We will use the following simple lemma. 

Lemma 6.7. Let n be a locally finite M -invariant measure on X . For any 
< r ^ 1, and any < 9 < n we have 

iH-xmg \ — IH-x I 

for /i almost every x €z X . 

Proof. Since fi is M-invariant, for Tp = ApN~Mp, we have 
l^x* I _ ^.^ iJL{xm0U^mQ^{m0VpTpmg^)) _ ^ 



l/^xmj fiixrugU-^iVpTp)) 

□ 

6.4. Recurrence for m^^^. Since the frame fiow is mixing by Theorem 
with respect to mP^^, we have: 



Proposition 6.8. For any non-trivial a £ A, -mP^^ is a-ergodic. 

Theorem 6.9. Let 6 > 1. For almost all x G $7, (nP^^)^ is atom-free. 

Proof. Setting := {x G Q : (m^^^)^ has an atom}, we first claim that 
^BMS^jr~) _ Q_ Suppose not. Fix any non-trivial a ^ A. Since U is normal- 
ized by a, J- is a-invariant. Hence vtP^^{J-) = 1 by Proposition 16. 8[ Using 
the Poincare recurrence theorem, it can be shown that 

-F' := {x G : {nP^^)^ is the dirac measure at e} 

has a full measure in Q (cf. [U], |161 Theorem 7.6]). 

Since for any x G 0,, /x^^ is a positive (5-dimensional Hausdorff measure on 
{xn £ H+{x) : {xn)+ G A(r)} by Theorem [631 and (m^^^^t/ ^ {fi^%^^^)l^ 

for almost all x G 0,, it follows that for almost all x G 0, (/i^+(a,))x is 
the dirac measure at e. By the Fubini theorem, there exists x G fl and 
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a measurable subset Dq C H^{x) with /^^+(a;)(-Co) > such that for each 
{ym0)\mg dirac measure at yme for a positive measurable 

subset of mg's. For s > 0, denote by Ti^ the s-dimensional Hausdorff measure 
on A(r) — {x^}; so = fJ^+^^y In the identification of H~^{x) with via 

the map y ^ , this implies that there is a subset D'q C A(r) — {x"} C 
with n^D'o) > such that for all ^ G -Dq' t^^re is a positive measurable 
subset of lines L through ^ such that < n^{{A{T) - n L) < oo. This 

contradicts Theorem 16 . 21 which implies that {A{T) — {x^})nL has dimension 
(5 — 1 > for almost all lines through ^. □ 

Corollary 6.10. If 6 > 1, the BMS measure mP^^ is U -recurrent, i.e., for 
any measurable subset B of X, {t : xut S 5} is unbounded for a.e. x £ B. 

Proof. By ^ Theorem 7.6], Theorem 16.91 implies that (mP^^)^ is infinite 
for almost all x. [HI Theorem 6.25] implies the claim. □ 

6.5. Doubling for the (^^^^)^. As before, we assume m^^^{Q.) = 1. 
Since is a compact subset, we have 

(13) p:=^mf{p^:xen}>0. 

Fix e > 0. It follows from Theorem 16.91 that there exist < /3 = /3(e) <^ p 
and a compact subset Q.'^<zO, with m^'^^(O^) > 1 — ^ such that 

(14) {m^^^f^[-ZP,m<\{rn^^^)^x[-{p- P),P- P\ for all a; e O',. 
Since the covering {xBt : a; G S7, r > 0} admits a disjoint subcovering of 

r2 with full BMS measure (see |2H Theorem 2.8]), there exist xq G and 
< r < /3(e) such that for B^^{t) := xoA^^^rMiV^, 

(15) ml^^S(5^^(^) n ^/j > (1 _ ^) . 

Recall the notation Tp = N^ApM, and set u = VxoTp for simplicity. Using 
Theorem 16.91 we will prove: 

Theorem 6.11. Let 5 > 1. Let cq > \ be as in Theorem where Fq is 
the 2p-neighborhood offl. Let e > be small and let < t < p. Let Bxq{t) 
be as above. There exists a Borel subset H^^(xo) C xqTt which satisfies the 
following properties. 

(i) v{rF^^{xo))>{l-cl-e)v{xoTr); 

(ii) for any xrag G H^^(a;o), with a PL direction for (x,r), there exists 
a Borel subset Oe{x), contained in {t G xVe : D{al,Q){t) > 0}, and 

pl\Oe{x)Ul) > 2pl^{Oe{x)Ur) > i^- 

Despite the rather complicated formulation of this theorem, which is tai- 
lored towards our application later, the theorem is intuitively clear. Indeed 
Bxq{t) is chosen so that for "most" BMS points we have (|14p . On the 
other hands in view of Corollary 15.51 for a PL direction 9 we have L){a'^ g) is 
positive cr^ ^-almost everywhere. Therefore, by Fubini's theorem for "most" 
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BMS points x G Bx^ir) the "most" points on xNp satisfy both ()14p and the 
non- vanishing of the Radon-Nikodym derivative which imphes the theorem. 
The precise treatment of the above sketch of the proof is given in the rest 
of this subsection. 

Lemma 6.12. Let xuiq € xqTt-. For any Borel subset 0'q{x) C pq^xNt D 

^l^iO'eix)U^) > 2^^l\0'e{x)ur). 

Proof. If t G p0{xNr n ^I'^rriQ^) and hence t = xvq for vq G Vq where ztm^^ = 
xvqUq for zt G r^^, we can write it as trriQ = ztmg^Ug^mg = ZfUQ for some 
uq £ W^. Hence 

Using this and since Og{x) C p0{xNr D ^l^rrig^), we have 



□ 

Lemma 6.13. For any e > 0, there exists a compact subset 0^ C 0^ with 
m^^^{VL^) > 1 - e2 such that 

m^'^^iBx.iT) n a) > (1 - e') • w^^^{Bx,{t)) 

and 

pe{xNr n O^mg ^) C {t G xVe : D{al g,t) > 0} 
for all xmg G xqTj- with 6 a PL-direction for (x,r). 

Proof Setting xVg := {t G xVg : D{al g,t) = 0}, we have 

lix^{xVgUg)di^{xmg) 



j 

J X' 



xnigGxaTr 

[ \{fi^^)x' \dalg{t)du{xme) = 0. 

I xmgdXoTr Jt£xVg 

Hence there exists an open subset of Bxq{t) which contains the subset 
^Jxme^xoT.xV^US and m^^'^iO,) < 4 • mBMS(5^^(^)). Now set 0, := Q', - 
Oe- It is easy to check that this fi^ satisfies the claim. □ 

For e > 0, we set 

E^^ixo) ■= {x G XQTr : ^^l^{xNr n a) > (1 - e)^ll^{xNr)]. 

Lemma 6.14. For all small < e < 1, 

z.(Sf(xo))>(l-c^e)Kxo^.). 
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Proof. Set bi := mf^fz^gT^ t^fixN^) ^^"^ "2 := sup^^^^^Tr -Ji^^^M/)'- Smce 

Xq E A(r) and Xq = x~^, we have x'^ G ^(r) and hence it fohows from 
Theorem O that Cq'^ < ^ < 4- 
Note that 

JeYHxo) JxoTr-EYHxo) 

< m^'^^iB^.ir)) - ^i^ixoTr - E^^^xo)) ■ f^l^ixoNr). 
By Lemma 16.131 it follows that 

. m^^^{B,,iT)) > ^^u{xoTr - E^^{xo)) ■ f^l^ixoN,) 

and hence 

e • b^^i^ixoTr) ■ l4^{xoNr) > ^^HxoTr - . f/^^{xoNr). 

Therefore 

u{xoTr-E^^{xo))<e-'f^iy{xoTr), 
implying the claim. □ 

By the M-invariance of m^^^, by Lemma 16.71 

H^igift, n xmeNr) = tJ^igi^e n xNrine) = //^^(^mg ^ n xNr). 

Note that for any xmg € Hf^(xo), We have 

nl^ixNr n n,m~^) > (1 - e)fix{xNr) > j^. 

By setting Og{x) := pg{xNp D il^nT-Q^), we note that Og{x)Ug'^ contains 
xNr n Qe'iTT'g^ and hence for all small < e ^ 1, 

/xf(0,(x)t/^) > (1 - e)f,lHxNr n am-i) > ^. 
Therefore the above three lemmas prove Theorem 16. Hi 

7. Window theorem for Hope average 

We will combine the results from previous sections and prove the window 
theorem 17.71 in this section. We first show that the disintegration along U 
of As, notation as in Section [3l has certain doubling properties, see The- 
orem 17.11 This is done by applying results in Section [5l in particular the 
key lemma, to A^;^^:^^ and the limiting measure /i^^, in combination with 
Theorem 16.111 which gives a rather strong doubling property for the dis- 
integration of the PS measure. As we mentioned in the introduction, in 
general, the weak* convergence of measures does not give control on the 
corresponding conditional measures, e.g., one should recall the well-known 
discontinuity of the entropy. However, here the key lemma gives a good 
control both on the prelimiting measures Xe,x,s and the limit measure /i^^, 
and helps us to draw some connection between the conditionals. 
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In order to get Window Theorem 17.31 we flow by a_s, for a suitable s, 
and bring [— T, T] to size [—p, p]- We now are working with rn^^ rather than 
_^^__j^BR|^^ and the desired estimate follows from Theorem 17.11 

7.1. Window theorem for XE- Let F be a convex cocompact subgroup 
with 8 > 1. Let E he a BMS box. For simplicity, we set ps '■= P^s ^^'^ 
^x,s = ^E,x,s defined in section 5. For < r < 1 and p > as in (fT3]) . we 
put 

^ / X r ^ (/"s)r [-2pr,2prl 

[-2/?, 2pJ 

Theorem 7.1. There exist < rp < 1 and sq > 1, depending on E, such 
that for all s > sq we have 

p'^^siEsiro)) < 1-ro. 

Proof. Suppose not; then there is a subsequence rj — and a subsequence 
Sj oo such that p^^g.{Es.{ri)) > 1 - rj. Set pi = and Ei := Es-{ri). 

Fix e > 0. Let xq ^ Q, < t < p, cq > I and H^^(xo) be as in Theorem 
Em Set qo := m^^^{B^^{T)) > and 

xoTi := {y G xqT, : Xs,,y{Ei D yNr) > (l - Xs,,y{yNr)}. 

Recall the measure v from Theorem 16.111 We claim that for all large 
z » 1, we have 



(16) u{xoT,)>{l-A^i)u{Tr). 

We first show that pi{Ei n Bx^{t)) > (1 - '^)pi{Bxo{T)) for all large i. If 
this does not hold, by passing to a subsequence, we have that 

l-ri< pi{Ei) = pi{Ei n B^^{t)) + p^{E^ - B^^{t)) 

-f/x,(B,.„(r)). 

Since \pi\ = 1, it follows that ^Pi{Bxg{T)) < 1. Since pi weakly converges 
to rnP^^ by Theorem 13.11 ^'^'^°=o("^)) _^ which gives a contradiction. Now, 
by the same type of argument as the proof of Lemma [6.141 this implies (|16p . 

Passing to a subsequence, which we continue to denote by r^, we assume 
that 4^,- ^/r■ < e/2 and 2rj/go < e for all i. It follows that that if we set 

H*(xo) := riiXoTi, 

then u{E*{xo)) > (1 - e)z^(2;oT^). 

Hence for all sufficiently small e > 0, 

i/(hPS(xo) n E*{xo)) > (1 - (1 + 4)e) u{xoTr) > 0. 

Since supp(i^) C {g £ X : g~ £ A(F)}, for all small e > 0, we can find 
xtuq E E*{xo) n ^^^(xo) (depending on e > 0) with (xm^)" = x~ G A(F) 
with 6 £ Q{x) where Q{x) is given as in Corollary 15.101 for {p, r} applied to 
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measures constructed as in that Corollary from i^. Since = , we have 

x± G A(r). 

Let {sjj} be the corresponding subsequence given by Corollary 15.101 de- 
pending on {x,6). By passing to that subsequence, we set Si := Si-. By the 
M-invariance of the measure /i^. and as xmg G xoTi, we have 

(17) Aa;,s^(Sjmg ^ n xNr) = Xxmg,sAEi H XmgNr) 

For Og{x) as in Theorem 16.111 we consider Lj := pg{Og{x)Ug H Eim^^). 
By Lemma 17.21 below. 

By (|17p , Ei plays the role of Wi in the key Lemma 15.111 Since Li = 
pg{Eimg^) n Og{x) and {t G Og{x) : D{a'!^g,t) = 0} = 0, we obtain that for 
all large i ^ 1, 
(18) 

\x,sAOe{x)Ui;) = a'^,^^^{Og{x)) < {l + e)aP, jL,) = (1 + e)A,,,,(xL,t/,0. 

Therefore we have 

Xx,s.mx)U^) < ^\,^,^{Oe{x)Uin 

< il + 2e)Xx,sA0eix)Uin- 

Since G ^(r), we have A^.^^. weakly converges to /i^^ by Theorem 13.31 
Hence by sending Sj — )• oo, it follows that 

^^lHOe{x)U^) < (1 + 2e)nlHOe{x)Uin- 
Together with Theorem 16.111 this implies that 

6 • /.PS(o,(x)C/r) > /if (0,(x)C/r) > > 0, 

which is a contradiction. This finishes a proof of Theorem 17.11 □ 

Lemma 7.2. Let xmg G xqTV for xq G and s > 0. For any Borel subset 
Lg{x) C pq{xNj. n Es{r)mg^) and for all sufficiently small < r <S 1, 

(19) XxALeixpH) < ^A,,,(Le(x)f/f). 

Proof. Set L = pg{xNr n i?s(r)mg "'^). Note that if t G L and hence t G 
pg{Es{r)mg^), then tmg = ztUo for some G -E's(r) and mq £ U'^- On the 
other hand, it follows from the definition of Es{r) that 

\ii^s)T\ < T^i(M.)ri 

and hence 

i(M.)f^j < i(A^.)rn < i(/^.)ri < T^i(/^.)ri < t^i(/^.)C"i. 
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Therefore, since //^^ is M-invariant, by Lemma 16.71 

Jt£La(x) JteLn(x) 



JteLg{x) JteLg{x) 

□ 

We deduce the fohowing from Theorem l7.lt 

Theorem 7.3. Let E he as above. There exist < r < 1 and Tq > 1, 

depending on E, such that for all T > Tq 

/rT f-T 
XE{xut)dt < {I - r) ■ I XE{xut)dt}>r-m^^{E). 
-rT J-T 

Proof. Setting 

Eis,r) ..= i,^E:l^l2^^>l-r}, 

Lzpe-^ XE{xUt)dt 

it suffices to prove that for some < r < 1 and for all s large. 
(20) m^^{E{s, r)) < (1 - r)m^^{E). 

We note that 

where (/i^^)^ denotes the leafwise measure of = ^bu^^J^ . 
Note that ()20p follows from Theorem 17.11 if we show 



^^{E{s,r)) = m^^{E) ■ fif],{Es{r)) for ah < r < 1. 



We now show the above identity. Let s be fixed then for BR almost all 
points X we have 



jlZp XEa_,{yUt)dt 



2,.p \.E\^u.-ai^tu,s)u.^ . BR ■ 7-7- ■ " 4- 

/ BRNf/r n so si — -Fiir- — TT- smce m°'^ is [/-mvariant 

r2rp 



jJ2pXEa_,(yUt)dt 



(l^'^E^i „o)i/[-2^P.2rp] 
(MlL„o)«^[-2P:2p] 



since is [/-invariant 



= (e(.>--2)>|H)Lr^„2p,2p] '^^ definition of m^^. 

Hence a-sE{s,r) coincides with Es{r), up to a BR null set. This implies 
the claim using the definition of fJ^^g- □ 
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7.2. Ergodic decomposition and the Hopf ratio theorem. In this 
subsection, let be a locally finite [/-invariant conservative measure on X. 
Let A^oo(^) denote the space of locally finite measures on X with weak* 
topology. 

Let A denote a countably generated cr-algebra equivalent to the ci-algebra 
of all [/-invariant subsets of X. There exist a ^-measurable conull set X' 
of X, a family {/ix = A'-r^ : x G X'} of conditional measures on X and a 
probability measure on X which give rise to the ergodic decomposition 
of /x: 

where the map X' — M-ooiX), x ^ fix, is Borel measurable, fix is a U- 
invariant, ergodic and conservative measure on X and for any tj; G L^{X, fi), 

fi[ljj) = I fi^[ilj) dfi^{x). 

Jxex 

see [a 5.1.4]. 

The following is the Hopf ratio theorem in a form convenient for us ( [T2] , 
see also [37J). 

Theorem 7.4. Let £ L^{mP^) with (f) > 0. Furthermore suppose ip 
and (j) are compactly supported. Then 

f^^{xut)dt ^ ^.^ f^^^{xut)dt ^ ^^(^) 
™ J^(t>{xut)dt ~ ™ f^^(t){xut)dt ~ f^x{(p) 

for fi-almost all x £ {x £ X : sup-p Jq (j){xut)dt > 0} H. 

Lemma 7.5. Fix a compact subset E C X with fi{E) > 0. Let (p be a 

non-negative compactly supported Borel function on X such that (PIe > 0. 
For any p > there exists a compact subset Ep{(j)) C E with fi{E — Ep{(p)) < 
p ■ p{E) satisfying: 

(1) the map x i— )• fix is continuous for all x £ Ep{(j)); 

(2) infxeEp fJi-x{4>) > 0; 

(3) for any if) £ Cc{X) the convergence 

%lj{xut)dt ^ 
(l){xut)dt l^xi(p) 

is uniform on Ep{(p). 

Proof. By Lusin's theorem there exists a compact subset E' C E with p{E — 
E') < ^p{E) and the map x px is continuous on E' . Since Jq (p{xut)dt 
+00 for almost sdl x £ E by the conservativity of p, we have Pxi^P) > 
almost all x £ E. Since x i— )• Px{(f>) is a measurable map, it follows again by 



'note that for almost all x in this set iJ,x{<t>) > 0, see [371 Page 3]. 
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Lusin's theorem that there exists a compact subset E" C E' with ^{E' — 
E") < ^n{E'), (j){xut)dt = oo for all x £ E" , and ini^^E" ^a;(</>) > 0. 

We claim that for any e > and any compact subset Q oi X, there exists 
a compact subset Eq = Eq{Q, e) C E" such that — Eq) < e^{E") and 

for all '0 G C{Q), the convergence 

jQ(j){xut)dt ^J'x{4>) 

is uniform on Eq. Let B = {V'j} a countable dense subset of C{Q) 
which includes the constant function XQ- We can deduce from the Hopf 
ratio Theorem 17.41 and Egorov's theorem that there is a compact subset 



El C E" such that fi{E" 
ipj £ B, the convergence 

(21) 



El) < ^ij,{E"), supjjg^;^ fJ-xiQ) < CO, and for each 



J^tpj{xut)dt ^ix{ipj) 



/q (p{xut)dt f^x 



is uniform on Ei . We will show that we have the uniform convergence in Ei 
for all ^jJ S C{Q). Set oq := sup^.^^^ ^^7^ < -^^'^ ^'^y ^ > 0, there exists 



Ipj G B such that 



Jq if^j{xut)dt 



< 7/. Let To 1 be such that 



(t){xut)dt /^x(<A) 



/o XQ{xut)dt fi^ixq) 



f^(p{xut)dt ^^x{(|)) 



for all X £ El and T >Tq. Now for any x G Ei and T > Tq, we have 



< 



< 



< 



/q (p{xut)dt 
Jo 



XUt) 



ipj^^{xut)\dt 



Jq (t){xut)dt 



+ 



Jq (l){xut)dt 
f^xiQ) 



+ ?? + 



/q (l){xut)dt 



+ 



f^x{4>) 



IJ'xK 



fJ'x{(p) 

<7?(2ao + r? + l). 



, 2 , , 



This proves the claim. Let Qi C Q2 C ■ ■ ■ be an exhaustion of X by compact 



sets. Then E„ 



r]iE(){Qi, -j^rr) satisfies all the desired properties. □ 



7.3. Window theorem for ip £ Cc{X) with iIj\e > 0. Let F be a convex 
cocompact subgroup with 5 > 1. Let A denote a countably generated a- 
algebra which is equivalent to the u-algebra of all [/-invariant subsets of X, 
as before. 
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Since mP^ is f7-conservative by Theorem \Q.Q\ we may write an ergodic 
decomposition 

where X' is a ^-measurable conull set of X, is a probability measure 
on X, and for all x G X' , ^i^ = (J,^ is a [/-invariant ergodic conservative 
measure. 



Lemma 7.6. Let E and < r < 1 be as in Theorem \ 7. 3[ Let iIj G Cc{X) 
with '4)\e > 0. For any p > 0, there exists sq > 1 such that for all s > sq, 



/rs rs 
'ip{xut)dt<{l-r + p) / il;{xut)dt} > {r-2p)-m^^{E). 
-rs J — s 



Proof. For simplicity, set Fp{s) := {x G E : f^^^^'ip{xut)dt < {1 — r + 
p) Jls''P{xut)dt}. Let Ep{xE) C -E be as in Lemma [7.51 Since Vis > 0, 
there is a subset E'^ of Ep{xE) such that mP'^{E - E'p) < 2p ■ m^^{E) and 
'mfx£E'p > 0- Then for all large s (uniformly for all x £ Ep(xE)), 

^p{xut)dt = (^!^^ + axi'tp,sj^ J XE{xut)dt 

where \ax{i^, s)\ < a{s) — )• as s — )• oo by Lemma 1731 

Setting E{s,r) = {x £ E : jZl^XE{xut)dt > (1 - r) • JZ^XEixut)dt}, we 
claim that E'pr\{E — E{s, r)) C Fp{s) for all large s, from which the lemma 
follows by Theorem 17.31 For any x G EpCi {E — E{s, r)), 



i){xut)dt = {j^^ +ax{il),rs)) I XE{xut)dt 

•s J —rs 

< (tTtS + |a.(V,r5)|)(l - r) r XEixut)dt 



^IJ-x{E) 

< (1 - r) y ip{xut)dt + {\ax{ip,s)\ + \ax{ip,rs)\){l - r) I XE{xut). 

Let si > 1 be such that for s > si and for all x £ E'p. 

{\ax{'^,s)\ + \ax{il^,rs)\){l - r) 



this is possible since ^^^7^ is uniformly bounded from below by a positive 
number. Then the claim holds. □ 



By taking p = r and replacing 3r/4 by r in the above lemma, we now 
obtain: 
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Theorem 7.7 (Window Theorem). Let ip € Cc{X) be a non-negative func- 
tion such that iPIe > 0. Then there exist < r < 1 and Tq > 1 such that 
for any T > Tq, 

Tp{xut)dt < (1 - r) / 7p{xut)dt} > § • m^^{E). 

It is worth mentioning that r obtained here maybe rather small. The 
following lemma demonstrates how the window estimates for a sequence 
will be used. 

Lemma 7.8. Let e > and a sequence s^ — )• +oo be given. Let E and ip be 
as in Theorem \1.3[ Fix p > 0. Let Xk G Ep{ijj) be a sequence satisfying 

■ip{xkUt)dt > c e / ■ip{xkUt)dt 

{l-e)sfe Jo 

for some c > independent of k. Then for any f G Cc{X), as k ^ oo, 

IjlUsk fi^kUt)dt ^,^(/) 

5 

I(l-e)s^'^(^kUt)dt llxkii^) 

Proof. By the Hopf ratio theorem, and Lemma [731 we have 

f{xkUt)dt = / 'ip{xkUt)dt + a^i^{s) / ip{xkUt)dt 

'0 ^^^ky'^'l Jq Jq 

with lims_j>oo Ozfels) = 0, uniformly in {xiS\. Therefore 

fSk rsk 

f{xkUt)dt = 0^ / il){xkUt)dt 

r^k /-(i-f)**: 
+ axk{sk) i{j{xkUt)dt - ttx^iil - e)sk) ilj{xkUt)dt. 
Jo Jo 

Since 

r^k /"(i-f)**: 
|axfe(sfc) / il){xkUt)dt - a^^{{l - e)sk) I '4){xkUt)dt\ 



< \ax^:{sk)+ax^:{{l-e)Sk)\■ / ^{xkUtjdt < — ^ — '-^ , 



we obtain that 



/(l-e)sfc f{xkUt)dt ^ /^^^(/) ^ ^ KJs,)+a.^((l-.K)k 

Since ax,.{sk)-\-o,x^{{l — e)sk) 0, uniformly in {x^}, the lemma follows. □ 



8. Additional invariance and Ergodicity of BR for 5 > I 
Let r be a convex cocompact subgroup with 5 > 1. 
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8.1. Reduction. Let A,X' and mP^ = f^^j^ ^xdmf^{x) be as in the sub- 
section 17.31 

Our strategy in proving the [/-ergodicity of mP^ is to show that for almost 
all X G X, is A^-invariant. 

Fix a BMS box E and a non-negative function ip G CdX) with i^Ie > 0. 
Let < r < 1 be as in the window theorem 17.71 and tq := j^. Recall 
Ergitp) C E from Lemma l7. 51 

The next subsection is devoted to a proof of the following: 

Theorem 8.1. For any xq G ErQ{ip) H supp(m^^), is N -invariant. 

Corollary 8.2. is U-ergodic. 

Proof. It follows from Lemma 18.31 below that 

F := {x G X : fix 'is A^-invariant} 

is A^-invariant. We have niP^{F) > by Theorem 18. 11 As is A'^-ergodic 
by Theorem 12.81 it follows that x i— t- is constant almost everywhere, and 
hence is CZ-ergodic. □ 

Lemma 8.3. If x,xn G X' for n £ N, then fixn = n.fix- In particular, 
either n.fix = fJ-x or n.fix -L fJ'x- 

Proof. Since A^ is abelian and U < N, An '■= {Cn : C G A} coincides with 
A and [a;]^^ = [x]^ n = [xn]^. It follows that jj-^" = fi^^ = n.fi-^. □ 

8.2. Proof of Theorem 18.11 As we explained in the introduction, we will 
flow two nearby points in the generic set and study their divergence in the 
"intermediate range". We first need to prove a refinement of the window 
theorem, see Propositions 18.5 1 and 18.6] below. 

Fix xo G -E'ro(V') n supp(m^^). 

Proposition 8.4. There is a Borel subset E' C E such that mP^{E — E') = 
and for any x £ E' and all integers m > 1, 

xNnB{xo,^JnEp{i;)^(ll. 

Proof. Set Nf^ := {n^ : ||z|| < k}. Since mP^ is A^-ergodic, by |llj . there 
exists a full measure subset E'^ of E such that for all x G E'^ 

j.^ /jv, XB{xo,i/m)nEro{i,)ixn,)dz ^ nP^{B{xo,l/m)nEro{ip)) 
k Jj^^ ■tp{xnz)dz mP^{tp) 

It suffices to take E' := HmE!^. □ 

Since mixizE^^i^) fJ-x{ip) > and x i-^ JT^f^x is continuous on Ero{ip), 
there exists a symmetric neighborhood O such that 

(22) < mf —— < sup ^-T— < oo. 
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Set := supp(V')0 and K!^ := rigfzQSupp{ip)g. By Theorem \7.7\ for all 
s >To, the following set has BR measure at least ^mP^{E): 

Es := {x G Er.W n Er.ixK^) n Er.iXK'^) ■■ 

■ip{xut)dt < (1 — r) / ip{xut)dt}. 

i J ~s 

Therefore for each s > Tq, there exists a compact subset Q{s) of i?^ n E' 
with mBi^(g(s)) > §m^^(^). 

We may write ^(s) as U ^(s)~ where 

/»r's ps 

g(s)+ = {x G : / 7p{xut)dt < ^ / 
Jo Jo 

g(s)- ={xe g{s) : / i;{xut)dt <^ [ 

J—rs J — 

Therefore there exists an infinite sequence pi — )• +00 such that mP^{Q{pi)^) > 
jQ for all i or mP^{Q{pi)~) > jq for all i. 

In the following, we assume the former case that mP^{Q{pi)~^) > jq for 
all i. The argument is symmetric in the other case. 

Proposition 8.5. Fix i > 1 and e > 0. There exist an infinite sequence 
Sk = Sk{i,€) and elements Xk = Xk{i,e),yk = yk{i,e) G G{sk)'^ which satisfy 
the following: 

(1) yk = Xku:^^ where c^^s^^^i^^ < \wk\ < cis^'^i^^ and |9(wfc)| > 
\'^^'^^'>\ where ci>l is independent of£,€,k. 





^p{xut)dt}. 



L 



(2) each Xk satisfies 

ip{xkUt)dt > ^ I ■ip{xkUt)dt. 

Proof. If X G G^{s), then, as r < 1, 

ip{xut) > r j 'ip{xut)dt. 



By subdividing [r, 1] into [e number of subintervals Li = {r+{j — l)e, r+ 
je)'s of length e, there exists an integer 1 < j = j{x, s) < [e~^J such that 

r-{r+je)s rs 

'4>{xut)dt > — il){xut)dt. 

(r+(j-l)e)s 4 Jo 

Let do = (io(^/16) > be as in Proposition 14.41 Applying Proposition 14.41 
to each Q{pi)'^ and a sequence {pitf, we can find Xi,yi G Q{pi)~^ satisfying 
yi = Xin~_ with d^^p^'^i"^ < \wi\ < d^p^'^i^^ and > Choose 

a subsequence rcj^, of {xi} such that j{xi^,pi^) is a constant, say, jo- Setting 
•Sfc := + joe)Kfe, Xk := x^^, = yi^, we have 



'il){xkUt)dt > — I ip{xkUt)dt 
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and rpi^ < Sk < {r + l)pi^. Hence the claim follows with ci = do{r + l)'^. □ 

We now use the fact that the two orbits XkUt and ykUt stay "close" to 
each other for all t G [0, s^], to show that y^'s in Proposition 18.51 also satisfy 
the same type of window estimate. Let us fix some notation; writing y^ut = 
XkUt{u-tn~^ut), we set 



Pk{t) := u^tn^.ut -- 1 ,2 



1 + tWk Wk 
-t^Wk 1 - tWk 



and Qk =Pk{sk)- 



Proposition 8.6. There are positive constants C2 = C2(V') and eo = eo{^jJ) 
such that for all e < €q and all k ^ 1, 

sk rsk 

ilj{ykUt)dt > C2 • e / tl'{ykUt)dt, 

{l-e)sk Jo 



where yk = yk{i,e) is as in Proposition W. 

Proof. There is a constant c > (independent of e) such that \pk{t)gk^ \ < ce 
for all t £ [{1- e) Sk,Sk]- Hence for all £ ^ 1 (independent of e), we have 
Pk{t) G O for all t £ [0,Sk]. 

Claim (1): For some constant bi > 0, independent of e, we have for all 
A; > 1, 

psk rsk 
(23) / i){xkUt)dt >bi il){ykUt)dt. 

Jo Jo 

By the definition of and K'^, since ykUt G XkUtO, we have Xk' (UkUt) < 
XK^{xkUt) for all t £ [0,Sk]- In particular we have 

Sk f-Sk 

XKJxkUt)dt> I XK'{ykUt)dt. 
JO *" 

On the other hand, we have 

/o' i^{ykUt)dt = ^^'(x^! ) It XK'^{VkUt)dt + a^^ii^, Sk) Jq" XK'^{xkUt)dt 
/o ^{xkUt)dt = f.'^^xtl) ■I'o" XK^{xkUt)dt + a^JV, Sfc) XK^{xkUt)dt 

with max{|a^j^(V',Sfc)|, |ayj^(V',Sfc)|} < a(sfc) as A: oo. 

As ^y^i"^) gj-^i^ i^^ki:^) u]2iformly bounded from below and above, 

Myfe(xK^) t^^kixK^) ' 

by the choice of Xk and yk, there exists 6 > such that for all large A; ^ 1, 

Sk rsk fSk rsk 



tlj{xkUt)dt>b J XK^ixkUt)dt >b J XK'^{ykUt)dt > b / tp{ykUt)dt 
finishing the proof of Claim (1). 
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Claim (2): For some constant 62 > 0, independent of e, we liave for all 

A; > 1, 

(24) / XK^ixkUt)dt <b2 i){xkUt)dt. 
By Lemma 17.81 and its proof, we have 

(25) / XK^{xkUt)dt='^^^^P^ ^{xkut)dt 

+ • r Hxkut)dt. 

Since ^"'i'^^^ ^ is uniformly bounded from above and below by positive con- 

i^^k ) 

stants, it suffices to take k large enough so that (a(sfc) + a(esfc)) < e to finish 
the proof of Claim (2) 
We have 

'k rsk 

'4^{ykUt)dt = / '4}{xkUtPk{t))dt 

(l-e)sfe J{l-e)sk 

> I 'ip{xkUtgk)dt - \'4){xkUtPk{t)) - ip{xkUtgk)\dt. 

J{l-e)sk ■J{l-^)sk 



By dMl), for aU large k, 

\i^{xkUtPk{t)) - '4}{xkUtgk)\dt < c^,e / XK^{xkUt)dt 

(l-£)sfe -'(l-e)sfc 

< c^b2e / i^ixkUt) 

J{l-e)sk 

where is the Lipschitz constant of ^. Since gk £ O and hence ^^fc ^^''^^ 
is uniformly bounded from above and below, we can deduce that for some 
01, 

rsk rsk rsk 

(26) c"^ / '4){xkUt)dt < I ■4){xkUtgk)dt <c '4){xkUt)dt. 

J{l-e)sk J{l-t)sk J{l~t)sk 

Therefore the above estimates together with ()23p imply that for all k large, 

Sk f-Sk 

i'iykUt)dt > (c^^ - c^62e) / 'ip{xkUt)dt 

(l-e)sfc J{l~e)sk 

> f — — / il^{xkUt)dt > — '— / ipiykUtjdt. 

Jo Jo 

Now the proposition follows with C2 = ^ and eo = 26ic^- '-' 

We will now flow Xk and i/k for the period of time [(1 — e)sfc, Sk]- By the 
construction of these points, these two pieces of orbits are almost parallel 
and they essentially differ by gk which is of size 0(1). More importantly 
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these "short" pieces of the orbits already become equidistributed. This wih 
show that some ergodic component is invariant by a nontrivial element in 
N — U and the proof can be concluded from there using standard arguments. 

Fix ^ G N. Let ej = i > for i G N. We choose Sfc(ei,£) and 
Xk{f-i:(-)iyk{^ii^) S Q{sk{^i^^))^ as in Proposition l8.51 Together with Propo- 
sition [8?6l there exists ai > independent of ei and k such that 

ij{xk{ei,£)ut)dt > aiEi 'i(j{xk{ei,£)ut)dt and 

'{l-ei)sk{ei,e) Jo 

'4'{yk{ei,£)ut)dt > aiei / ■ip{yk{ei,i)ut)dt. 

'{l-ei)sfc(ei/) Jo 

By passing to a subsequence, we assume that Xk{€i,l) — )■ x^^^i, and hence 
VkieiJ) Vei/, and Pk{sk{ei,£)) converges to n^,^^ ^ := (^^^ ^ l) ^ ^ 

where ^ < \v,,,e\ < ^ and Mv,,,e)\ > 

We proceed by induction: by dividing the interval [{l—ei)sk{€i,£), Sk{€i,£)] 
into subintervals of length e^+i as in the proof of Proposition [831 we can find 
a sequence Sk{ei+i,i) and subsequences Xk{ei+i,i) oixkiei,£) and yk{ei+i-,(.) 
of yk{ei,£) satisfying 

fSk{ei+i,e) i'Sk{ei+i,e) 

■ilj{xkiei+i,i)ut)dt > ai€i+i / ii{xk{ei+i,t)Ut)dt] 

il){yk(ei+i,f)ut)dt> aiei+i I 'ip{yk{ei+i,£)ut)dt 
i(i-ei+i)sk{ei+i,e) Jo 

and pk{sk{ei+i, i)) converges to some element n^^ i '■~ { ^ ? ) ^ 

where ^ < \v,^+,,e\ < f and \'^{v,^^,,e)\ > ^^7^^- 

Clearly, as i — )• 00, we have Xk{ei,£) — )• x^i/ and ykiuA) — ^ a^ei/- By 
passing to a subsequence, we may assume that v^^/ converges to an element 
Vi G N. Note that ^ < < ^ and > 

Let £0 > 1 be large enough so that G O for all i > Iq. 

Proposition 8.7. Let £ > £q and set xi := x^^/- For any f G Cc{X), we 
have 

Proof. We claim that there exists a constant 6 > such that for each i > 1, 
the following holds for all k 1: 



< bei 



We first deduce the proposition from this claim. Since both yk{ei,£),Xk{ei,£) 
belong to the set Ej./ig{iP) and converge to Xi, and fjtp G Cc{X) have 
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compact supports, liy^(e,,i){f) tJ-xiU) and /^^^^(e,,^)!'^) fJ-xM) as k ^ 
oo. 

Since n^^_ ^.f converges to n„^./ pointwise as i — )• oo and the supports of all 
functions involved are contained in one fixed compact subset of X, we have 
/^xfe (e, r/) ^^xMv.^vf) as k ^ oo. Similarly, /i^^(,^^£)(n„^^^^.V') 
^^xii^v^. i-i^) as /c — 7- oo. Hence (f271) implies, by taking k — ?■ oo, that 



Now by taking i — )• oo, this proves the proposition as — )• 0. 

To prove Claim (f27l) . fixing e := e^, we set u = v^. , Sk = Sfc(ei), = 
^ki^iA) and T/fc = Hki^iA) for simplicity. By Lemma [7. 81 we have, as A; — ?• 00, 

(28) 



f{ykut)dt ^ (/) 

Since G O, similar calculation implies that, as A; — )• 00, 



(29) 



• /(xfcnt)dt ^,,(n,./) 



(30) 



Therefore the claim follows if we show for all large k 1, 
I{i-e)sk f{ykUt)dt I"i_,)sk n^.f{xkUt)dt 



< be 



for some b > independent of e. Let c/ and denote the Lipschitz constants 
of / and ip respectively. Hence for all t £ [{1 — e)sk, Sfc] and large k ^ 1, 



and 

We have 



\f{xkUtPk{t)) - f{xkUtvi)\ < Cf{e + ^) < 2ecf 
\ipixkutpk{t)) - tl){xkutvt)\ < c^(e + s^^) < 2ec^. 

I(i-t)s^. nv-f{xkUt)dt f(^kUtPk{t))-nv-f{xkUt)dt 



i'{xkUtPk{t))dt 



+ 



Sn-Asi, ^{^kUtPk{t))dt 



Let Kq = K^UKf. Then the above estimate, and ([221) with / = xKq, 
imply that 



I{l-e)sk fi^kUtPk{t)) - n^.f{XkUt)dt 



/(1*L,:)5^ V'(a;feWtl3fc(t))(it 



< 2cfce 



I(l-e)sk XKAxkUt)dt 
I(l-e)s. HxkUt)dt 



< Acfce 



Sk 

(l-e)s* 

fJ'XkW 
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On the other hand we have 

/(1*Le)s^ nv-4>{xkUt)dt 

Similar estimate as above gives 



I{l-e)sk nv'4'{xkUt)dt 



fJ-x^W) 



All these together imply there exists a constant c' > (depending on / and 
■0 but independent of e) such that 

/(i-e)., f{ykUt)dt ^^^^ n^.f{xkUt)dt ^ 

!(l-e)sk ^iVkUt)dt !{l-e)sk nvi^{XkUt)dt 

Now by (HHD, ([29]), this imphes the claim pO]l . 

□ 

The following proposition finishes the proof of Theorem 18.11 
Proposition 8.8. /i^o 'is invariant under N. 

Proof. The set {n £ N : n.^u^o = A*xo} is a closed subgroup which contains 
U. Let X£ and V£ be as in Proposition 18.71 Since < \v£\ < ^ ^'^d 
^ IMHili^ [I suffices to show that fi^o is invariant under Uy^ for all 
i > io- Note that xi G Ep{7p). Set Nq := {n £ N : xin G Ep{^p)}. We have 
for any n £ Nq and / G Cc{X), 

/i^,(n.V^) T 'ip(xeutn)dt /^x.nlV-)' 
On the other hand, by Proposition 18.71 we have 

^-xijn.f) _ Mxin„^ {n.f) _ Hxtnjny^.f) 

Therefore for any n £ Nq, 

As X£ £ E' , it follows from the definition of E' that we can take a sequence 
Um such that XiUm £ Ep{ip) n B{xo, m~^) and hence xeUm — s- xq as m — )• oo. 
In particular, 



fJ-xo{nvrf) "^^"^ ^J'Xinm{nvrf) '^^'^ ^J'X|,n,^{nvl4) fJ-xoinvi-ip)' 
It follows that fixQ and n^^.^xo are not mutually singular to each other. 
Hence by Lemma 18^31 iXxq — n-vfl^xo- 

□ 
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Finally we state the following: recall the notation mj^ from the subsec- 
tion ESI 

Theorem 8.9. // Uq is a one-parameter unipotent subgroup of G and T 
is a convex cocompact subgroup with 6 > 1, then is U^-ergodic for 

No = Cg{Uo). 

Proof. Let kQ €z K he such that Uo = k^^UkQ. If 5 C X is a Borel subset 
which is Uq invariant, then Bk^ is [/-invariant. Hence by Corollary 18.21 
mP'^{BkQ) = or mP^{X — Bko) = 0. By the definition of rn^, it follows 
that mW^(5) = or m^f (X - B) = 0. □ 



9. BR IS NOT ERGODIC IF < (5 < 1 

Let r be a non-elementary torsion-free discrete subgroup of G. In this 
final section, we show that mP^ is never [/-ergodic if F is convex cocompact 
and 5 < 1. 

By the Hopf decomposition theorem (cf. p^), any ergodic measure pre- 
serving flow on a (7-finite measure space is either completely dissipative or 
completely conservative. In the former case, the action is isomorphic to the 
translation action of M on M with respect to the Lebesgue measure pp. Since 
F is non-elementary, it follows that if were [/-ergodic, then it must be 
completely conservative. 

We first consider Fuchian groups: F is called Fuchsian if it is contained in 
a conjugate of PSL2(M). For a Fuchsian group F, F is geometrically finite if 
and only if it is finitely generated. 

Theorem 9.1. IfF is a finitely generated Fuchsian group, then mP^ is not 
U -ergodic. 

Proof. The support of mP^ consists of xuzvag on the unstable horospheres 
H~^{x) based on A(F), i.e., x £ G with x^ £ ^(r), z £ C and mg £ M. As 
F is Fuchsian, the convex hull of A(F) is contained in a geodesic plane, say, 
H, preserved by F. Let d denote a right JC-invariant and left G-invariant 
metric on G. Then xn^meut = xn^j^i^ieme and hence d{xnzmgut, H) = 
d{xn.^j^^^iB,H) — )• oo as t — )• oo, except for two directions of 9 parallel to 
H. Since H is F-invariant, we have d{'yxn^_^_^^ie, H) = d{xn^^^^ie ,H) for any 
7 G F. Therefore for any z £ C and 6 not parallel to H, T\TxnzmgUt — )• oo. 
This implies that almost all m^^-points w £ X, wut goes to oo as t — )■ oo. 
Therefore mP^ cannot be completely conservative for the U action and hence 
is not [/-ergodic. □ 

To prove the non-ergodicity in the remaining cases we begin by recalling 
some standard facts. For a 1-set A in the plane (see 16.11 for the definition), 
A is called purely unrectifiable if ^^(A n C) = for every rectifiable curve 
C. We will use the following: 
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Theorem 9.2. (cf. P Theorem 6.4] or [22]; 7/ A C has Hausdorff 
dimension 6 <1, then the orthogonal projection of A on almost every direc- 
tion has also Hausdorff dimension 5. Moreover if A C is a 1-set which 
is purely unrectifiable, then the orthogonal projection of A on almost every 
direction has zero Lebesgue length. 

Our proof in the non-Fuchsian case follows much the same philosophy 
that the BR measure and the BMS measure are very closely related. To 
be more precise, Theorem 19. 21 and the definition of the BMS-measure imply 
that the BMS measure is not recurrent when < 5 < 1. We will use this fact 
to show somewhat weaker non-recurrence holds for the BR measure. The 
following makes this more precise. 

Definition 9.3. A measure preserving flow ut on a cr-finite measure space 
{X, /i) is called strongly recurrent if for any two measurable subsets Ai , A2 
with iJ,{Ai) > we have {t : xut £ A2} is unbounded for ^u-a.e. x £ Ai. 

Note that by the Hopf ratio ergodic theorem, any conservative, ergodic 
measure preserving flow is strongly recurrent. In particular since F is non- 
elementary, it follows that if mP^ were [/-ergodic, then it must be strongly 
recurrent. 

Theorem 9.4. Let F be convex cocompact. Suppose either that Q < 5 < 1 
or that A(F) is a purely unrectifiable 1-set. Then the action of U = {ut} 
on X = r\G is not strongly recurrent for mP^. In particular mP^ is not 
U -ergodic. 

Proof. We will prove this by contradiction. So let us assume that the action 
of U is strongly recurrent. We fix a BMS box E = xoBp in X with small 
< /> <C 1. We claim that there exists a Borel subset E' of E n supp(m^^) 
with m^^{E - E') = such that for any x G E' , {t £ R : xnut S E^ is 
unbounded for almost all n E (with respect to the Lebesgue measure of 
N). 

To show this, for any ^ S N, let e{t) = e{i,E) > be chosen so that if 
we let = N~^^^A^^£'jNiM , then the map b 1— )■ xgb is injective on Bi for all 
X G E and all g in the p-neighborhood of e in G. This is possible as F does not 
contain any parabolic element. Recalling the notation T^^^) = N~^^-^A^(^£^M , 
let {xjrg(£)A^g(£) : j £ Jf} be a finite cover of E. Then the assumption on 
the strong recurrence and the Fubini theorem imply that for any j € and 
almost every x G XjT^(^£^N^(^i^, we have that for almost every n S N£, the set 
{t : xnut E E} is unbounded. Hence the claim follows. 

Fix x' € E' and consider a sequence x'bg for 6^ = aiog(p/£), ^ € N. Since 
(x')~ G A(F) there exists a subsequence £i — )• +00 such that {x'bi.} con- 
verges to some y' G Q. As {y')^ G ^(r), fJ^y^ly'Np is a positive (5-dimensional 
Hausdorff measure. By the assumption, Theorem l6.3l and Theorem l9.2l imply 
that for almost all niQ G M we have pe{y' Npnsupp{fiyP)) has zero Lebesgue 
length (see Section 15.11 for the notation pg). Since E is M-invariant and 
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E' is of full measure in E, we can choose me E M such that x'mg £ E' 
and p0{y'Np n supp(yu^/^)) has zero Lebesgue length. We set x = x'me, 
xe^ := x'bg^me = x'mebe^ and y = y'mg. Then xe. y as ii ^ +00, 
{t : xnut G E} is unbounded for almost all n G and the projection 
Po{yNp n supp(/Uy^)) has zero Lebesgue length. 

By the Fubini theorem, there exists a Borel subset y C ^ of co-measure 
zero that for each v G V' , the set {t : xvut G E} is unbounded. Hence 
for each j G Z, we can find a sequence v'- G n {nn : t £ [j — l,i + !]}• 
With abuse of notation, we consider Vj as an element of M and write v'j G 
[j-lj + l]. 

Since E = x^Bp with Xq G A(r), the condition guz G E with g G A(r) 
implies that gn^+yj G ^2 for some w £ C with < /9. Therefore for each 
v'j G V\ xv'jUf G for some t G M implies the existence oi w £ C with 
\w\ < p such that xv'^utriyj G il. This in particular implies that for each 
j G Z, there exists xvj G xl/ fl po(supp(/u^^)) with \vj — v'j\ < p < \. Note 
that Vj G [j — 2,j + 2] for each j £ 7,. 

Flowing xvj by 6^, we get xvjbi = xi{b~^^Vjb£). Setting Vj := (bJ^Vjbi) G 
V, we have 

(2^<,|<(2^ and v', £ Po{^npp{f^lf)). 

Therefore xeVp Ci po{supp{ii^f)) contains xgVj whenever ^^^^ < 1. 

Note that xe^Np n supp{p^f^) = {xe^n^ : \z\ < p, (x£^n^)+ G A(r)} and 
that any limit of xi.n is of the form yn as xi^ — )■ y. Since the visual map, 
g 1-^ g~^, IS continuous and A(r) is closed, it follows that the sequence of 
subsets xe^Np nsupp{p.^^) converges to yNpnsupp{py^) in the sense that if 

Wi £ X£.Npnsupp{n^f ) converges to w, then w £ yNpr\supp{fiy^). Therefore 
as i — )• 00, po{x£^Npr\supp{p^^ )) converges to po{yNpr\supp{fiy^)) as well in 
the similar sense as above. Thus we have obtained that yVp C Po(supp(//^^)) 
and hence the Lebesgue length of p{N^ nsupp(/x^^)) is positive, yielding a 
contradiction. □ 

A Fuchsian group T is called of the first kind if A(r) is a great circle and 
of the second kind otherwise. By Canary and Taylor [7J, any torsion-free 
and convex cocompact group T with (5 = 1 is either a Fuchsian subgroup of 
the first kind or a quasi-conformal conjugation of a Fuchsian group of the 
second kind, and in the latter case, the limit set A(r) is totally disconnected. 

We learned from Chris Bishop [3] that if the limit set of a convex cocom- 
pact Kleinian group is totally disconnected, it is always purely unrectifiable. 
Therefore by Theorem 19.11 and Theorem 19.41 we have: 

Theorem 9.5. Let T be torsion-free and convex cocompact with < 6 < 1. 
Then is not U-ergodic. 
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